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Abstract. We consider the energy critical harmonic heat flow from R into 
a smooth compact revolution surface of R 3 . For initial data with corotational 
symmetry, the evolution reduces to the semilinear radially symmetric parabolic 
problem 

a ~2 d r u f(u) 
o t u — a r u h 2 = 

for a suitable class of functions / . Given an integer L £ N*, we exhibit a set of 
initial data arbitrarily close to the least energy harmonic map Q in the energy 
critical topology such that the corresponding solution blows up in finite time by 
concentrating its energy 

Vu(i,r)-VQ (^j) -►«* in ^ 
at a speed given by the quantized rates: 

A(t) = c(« ) (l + o(l)) - 

|l0g(T-t)|^ 

in accordance with the formal predictions [3]. The case L = 1 corresponds to 
the stable regime exhibited in |37j . and the data for L > 2 leave on a manifold of 
codimension (L — 1) in some weak sense. Our analysis lies in the continuation of 
|36| . |32) . |37| by further exhibiting the mechanism for the existence of the excited 
slow blow up rates and the associated instability of these threshold dynamics. 



(T-t) L 



1. Introduction 

1.1. The parabolic heat flow. The harmonic heat flow between two embedded 
Riemanian manifolds (iV, g^r), (M,gM) is the gradient flow associated to the Dirich- 
let energy of maps from N — >■ M: 

d t v = ¥ TvM (A 9N v) )eRxN v ( t ,x)eM (1.1) 

v\ t =o = v 

where P^Af is the projection onto the tangent space to M at v. The special case 
N = M 2 , M = E 2 corresponds to the harmonic heat flow to the 2-sphere 

dtv = Av + \Vv\ 2 v, (t,x)£RxR 2 , v{t,x)£§> 2 (1.2) 

and is related to the Landau Lifschitz equation of ferromagnetism, we refer to [3], 
HI) |13j . |14| and references therein for a complete introduction to this class of 
problems. We shall from now on restrict our discussion to the case: 

N = M 2 . 

Smooth initial data yield unique local in time smooth solutions which dissipate the 
Dirichlet energy 

d 



dt 



Vv\ 2 = -2 / \d t v\ 2 
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An essential feature of the problem is that the scaling symmetry 

u i y u\(t, x) = u(X 2 t, Xx), A > 
leaves the Dirichlet energy unchanged, and hence the problem is energy critical. 

1.2. Corotational flows. We restrict our attention in this paper to flows with so 
called co-rotational symmetry. More precisely, let a smooth closed curve in the 
plane parametrized by arclength 



U G [ — 7T, 7r] H-> 



9[u) 
z{u) 



, (9'? + (z') 



l\2 



1, 



where 

g G C°°(R) is odd and 2ir periodic, 
(H) < g(0) = g(ir) = 0, g(u) > for < u < vr, 
k g'(Q) = 1, g'(ir) = -1, 

then the revolution surface M with parametrization 



(1.3) 



(6,u) G [0,2vr] x [0,tt] ^ 



§(«) cos 6 
g{u) sin 6* 
z(u) 



is a smoothE] compact revolution surface of M 3 with metric (du) 2 + g 2 (u)(d9) 2 . Given 
a homotopy degree k G Z*, the k-corotational reduction to (jl.ip corresponds to 
solutions of the form 

g(u(t, r)) cos(/c#) 
u(t,r)= r)) sin(^) (1.4) 

z(u(t,r)) 



which leads to the semilinear parabolic equation: 



d t u -d' 2 u-Qf + k 
u t =o = u 

The k-corotational Dirichlet energy becomes 



,2/H 



0, 



/ = gg'- 



E(u) 



\d r u\ 2 + k 



\g{u)f 



rdr 



and is minimized among maps with boundary conditions 

n(0) = 0, lim u{r) = ir 



r—>+oo 



(1.5) 



(1.6) 



(1.7) 



onto the least energy harmonic map Qk which is the unique -up to scaling- solution 
to 

rd r Q k = kg(Q k ) (1.8) 

satisfying (|1.7|) . see for example |6]. In the case of S 2 target g(u) = sin it, the 
harmonic map is explicitly given by 



Q fc (r)=2tan-V). 



(1.9) 



see eg [15] 
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1.3. The blow up problem. The question of the existence of blow up solutions 
and the description of the associated concentration of energy scenario has attracted 
a considerable attention for the past thirty years. In the pioneering works of Struwe 
|40| . Ding and Tian [9j, Qing and Tian |20j (see Topping [3T] for a complete history 
of the problem), it is shown that if occurring, the concentration of energy implies 
the bubbling off of a non trivial harmonic map at a finite number of blow up points 

vfaai + A^x) ^Q h X(U)^0 (1.10) 

locally in space. In particular, this shows the existence of a global in time flow on 
negatively curved targets where no nontrivial harmonic map exists. 
For corotational data and homotopy number k > 2, Guan, Gustaffson, Tsai [13J, 
Gustaffson, Nakanishi, Tsai |14] prove that the flow is globally defined near the 
ground state harmonic map. In fact, is asymptotically stable for k > 3, and 
in particular no blow up will occur, and eternally oscillating solutions and infinite 
time grow up solutions are exhibited for k = 2. 

A contrario, for k = 1, the existence of finite time blow up solutions has been proved 
in various different geometrical settings using strongly the maximum principle, see 
in particular Chang, Ding, Ye [1], Coron and Ghidaglia [5j, Qing and Tian [20J, 
Topping [41 J. Despite some serious efforts and the use of the maximum principle, 
see in particular [I], very little was known until recently on the description of the 
blow up bubble and the derivation of the blow up speed, in particular due to the 
critical nature of the problem. 

We shall from now on and for the rest of the paper focus onto the degree 

k = 1 

case which generates the least energy no trivial harmonic map Q = Q\. For D 2 
initial manifold and § 2 target, Van den Berg, Hulshof and King [3J implement in the 
continuation of |15) a formal analysis based on the matched asymptotics techniques 
and predict the existence of blow up solutions of the form 



"M-^AWJ (1.11) 
with blow up speed governed by the quantized rates 

Kt) (T ~ t)L 2L , LeN*. 

|log(T-i)|^-r 

We will further discuss the presence of quantized rates which is reminiscent to the 
classification of type II blow up for the supercritical nonlinear heat equation 



We revisited completely the blow up analysis in [37J by adapting the strategy 
developed in [36J, [32j for the study of wave and Schrodinger maps, with two main 
new input: 

• we completely avoid the formal matched asymptotics approach and replace 
it by an elementary derivation of an explicit and universal system of ODE's 
which drives the blow up speed. A similar simplification further occurred in 
related critical settings, see in particular [38J; 

• we designed a robust universal energy method to control the solution in the 
blow up regime, and which applies both to parabolic and dispersive prob- 
lems. In particular, we aim in purpose at making no use of the maximum 
principle. 
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These techniques led in |37j to the construction of an open set of corotational ini- 
tial data arbitrarily close to the ground state harmonic map in the energy critical 
topology such that the corresponding solution to (|1.5p bubbles off an harmonic map 
according to at the speed 

T-t 

Mt) ~ r, — tt^ rrrr i.e. L = 1. 

W |log(T-i)| 2 

This is the siafr/^ blow up regime. 

1.4. Statement of the result. Our main claim in this paper is that the analysis 
in |37| can be further extended to exhibit the unstable modes which are responsible 
for a discrete sequence of quantized slow blow up rates. 

Theorem 1.1 (Excited slow blow up dynamics for the 1-corotational heat flow). 
Let k = 1 and g satisfy (|1.3p . Let Q be the least energy harmonic map. Let L € N* . 
Then there exists a smooth corotational initial data uo(r) such that the corresponding 
solution to (|l,5p blows up in finite time T = T(uq) > by bubbling off a harmonic 
map: 



Vu{t,r) -VQ ->Vu* in L as t —?■ T (1.12) 

at the excited rate: 

A(t) = c(uo)(l + ot->T(l)) (T ~ t)L 2L , c(n )>0. (1.13) 

|log(T-t)| — 

Moreover, uq can be taken arbitrarily close to Q in the energy critical topology. 
Comments on the result: 



1. Regularity of the asymptotic profile: Arguing as in |37| and using the esti- 
mates of Proposition 13.11 one can directly relate the rate of blow up (|1 . 13j) to the 
regularity of the remaining excess of energy, in the sense that u* exhibits an H L+1 
regularity is some suitable Sobolev sense, see Remark 14. II See also |31] for a related 
phenomenon in the dispersive setting. 

2. Stable and excited blow up rates: The case L = 1 is treated in |37| and 
corresponds to stable blow up. For L > 2. the set of initial data leading to (|1.13p is 
of codimension {L — 1) in the following sense: there exist fixed directions {i^i)2<i<L 
such that for any suitable perturbation £o of Q, there exist (aj(eo))2<i<L £ K L_1 
such that the solution to (|1.5p with data 

Q + e + Hf =2 ai(e )ipi 

blows up in finite time with the blow up speed HI. 1 3 [) . Building a smooth man- 
ifold would require proving local uniqueness and smoothness of the flow £o ^ 
a i( £ o))2<j<L which is a separate problem, we refer for example to |18| for an in- 
troduction to this kind of issues. The control of the unstable modes relies on a 
classical soft and powerful Brouwer type topological argument in the continuation 

of 0, 0, ni. 

3. On quantized blow up rates. There is an important formal and rigorous lit- 
erature on the existence of quantized blow up rates for parabolic problems. In 

2 in the presence of corotational symmetry, blow up dynamics are expected to be unstable by 
rotation under general perturbations, see |32| . 
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the pioneering formal works [15], Filippas, Herrero and Velasquez predicted 

the existence of a sequence of quantized blow up rates for the supercritical power 
nonlinearity heat equation 

d t u = Au + u p , xeR d , p>p(d), d<7, 

and this sequence is in one to one correspondence with the spectrum of the linearized 
operator close the explicit singular self similar solution. After this formal work, and 
using the a priori bounds on radial type II blow up solutions of Matano and Merle 
|25| . [26], Mizogushi completely classified the radial data type II blow up according 
to these quantized rates. Note that Mizogushi finishes the classification using the 
Matano-Merle a priori estimates on threshold dynamics which heavily rely on the 
maximum principle, but the argument is not constructive. One of the main input 
of our work is to revisit the formal derivation of the sequence of blow up rates and 
to relate it not to a spectral problem, but to the structure of the resonances of the 
linearized operator H close to Q and of its iterates, i.e. the growing solutions to 

H k T k = 0, fceN*. 

In particular, we show how the dynamics of tails as initiated in [36] . |32j leads to a 
universal dynamical system driving the blow up speed which admits unstable solu- 
tions f 1 1 . 1 3 [) corresponding to a codimension {L — 1) set of initial data. Another by 
product of this analysis is the first explicit construction of type II blow up for the 
energy critical nonlinear heat equation, |39| 

4- Classification of the flow near Q. The question of the classification of the flow 
near the harmonic map, and more generally near the ground state solitary wave in 
nonlinear evolution problems, has attracted a considerable attention recently, see 
for example [35J. This program has been concluded for the mass critical (gKdV) 
equation in the series of papers |24| . |23j, [22] where it is shown that provided the 
data is taken close enough to the ground state in a suitable topology which is strictly 
smaller than the energy norm, then the blow up dynamics are completely classified. 
A contrario, arbitrarily slow blow up can be achieved for large deformations of the 
ground state in this restricted sense. The existence of such slow blow up regimes 
remains however open in many important instances, in particular for the mass crit- 
ical (NLS), see |33| for a further introduction to this delicate problem. For energy 
critical problems like wave or Schrodinger maps, the recent construction [19] shows 
that arbitrarily slow blow up can be achieved, but the known examples so far are 
never C°° smooth. The structure of the flow near Q is also somewhat mysterious 
and various new kind of global dynamics have been constructed, see |10| . [2J. One of 
the new input of our analysis in this paper is to show the essential role played by he 
control of higher order Sobolev norms which provide a new topology to measure the 
distance to the solitary wave which is sharp enough to see all the blow up regimes 
(|1.13|) . The control of these norms acts in the energy method as a replacement of 
the counting of the number of intersections of the solution with the ground state 
which in the parabolic setting plays an essential role for the classification of the blow 
up dynamics, |34| . but relies in an essential way on maximum principle techniques. 
We believe that the blow up solutions we construct in this paper are the building 
blocks to classify the blow up dynamics near the ground state in a suitable topology. 

5. Extension to dispersive problems. We treat in this paper the parabolic prob- 
lem, but the works |36] . |32| for the dispersive wave and Schrodinger maps with S 2 
target show the robustness of the approach. We expect that similar constructions 
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can be performed there as well to produce arbitrarily slow C°° blow up solutions 
with quantized rate, hence completing the analysis of these excited regimes started 
in the seminal work [19j. 

Aknowledgments: P.R would like to thank Frank Merle and Igor Rodnianski for 
stimulating discussions on this problem. P.R and R.S. are supported by the junior 
ERC/ANR project SWAP. P.R is also party supported by the senior ERC grant 
BLOWDISOL. 



Notations: We introduce the differential operator 

A/ = y • V/ (energy critical scaling). 
Given a parameter A > 0, we let 

r 

u\(r) = u(y) with y = -. 
Given a positive number b\ > 0, we let 



Bo = Bt-Sap. (i.i4) 

Vh Vh 



x(y) 



We let x be a positive nonincreasing smooth cut off function with 

1 for y < 1, 
for y > 2. 

Given a parameter B > 0, we will denote: 

Xb(v)=x(|). ( L1B ) 
We shall systematically omit the measure in all radial two dimensional integrals and 
note: 

"+00 



f = J f{r)rdr. 
Given a p-uplet J = (ji, . . . ,j p ) £ N p , we introduce the norms: 

I J h = s fc=iifci I J U = £ p k= i k jk- (1-16) 

We note | 

B d (R) = {xe R d , \x\ = feia;?) 2 < R\- 



1.5. Strategy of the proof. Let us give a brief insight into the strategy of the 
proof of Theorem 11.11 

(i) Renormalized flow and iterated resonnances. 

Let us look for a modulated solution u(t, r) of (jl.5p in renormalized form 

u(t,r) = v(s,y), y = ^ ry | = ^y (1.17) 

which leads to the self similar equation: 

d s v-Av + b 1 Av + ^- = 0, h = ~. (1.18) 

y 2 A 

We know from theoretical ground that if blow up occurs, v(s,y) = Q(y) + s(s,y) 
for some small e(s,y), and hence the linear part of the e flow is governed by the 
Schrodinger operator 
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The energy critical structure of the problem induces an explicit resonance: 

H(AQ) = 

where from explicit computation: 

2 

AQ ~ - as y -)■ oo. (1-19) 

y 

More generally, the iterates of the kernel of H computed iteratively through the 
scheme 

HT k+1 = -T k , T = AQ, (1.20) 
display a non trivial tail at infinity: 

T k {y)~y 2k - l ( Ck logy + d k ) for y » 1. (1.21) 

(ii) Tail dynamics. We now generalize the approach developed in [36], |32| and claim 
that (T k ) k >i correspond to unstable directions which can be excited in a universal 
way. To see this, let us look for a slowly modulated solution to (|1.18|) of the form 
v{s,y) = Q b (s)(y) with 

b = (h, . . . , b L ), Q b = Q(y) + E^&iTifc/) + Sf = + 2 5 4 (y) (1.22) 
and with a priori bounds 

k~b\, \Si(y)\<b\y c \ 

so that Si is in some sense homogeneous of degree i in b\. Our strategy is the fol- 
lowing: choose the universal dynamical system driving the modes (6j)i<i<L which 
generates the least growing in space solution Si. Let us illustrate the procedure. 

0(bi). We do not adjust the law of b\ for the first ternjl. We therefore obtain from 
(|l,18p the equation 

b 1 (HT 1 + AQ) = Q. 

0{b\,b 2 ). We obtain: 

(&i) s Ti + bjAT! + b 2 HT 2 + HS 2 = b\NL(T l: Q) 

where NL(T±,Q) corresponds to nonlinear interaction terms. When considering the 
far away tail (|1.21j) . we have for y large, 

A7i~Ti, HT 2 = -T 1 

and thus 

(&i) s Ti + blATr + b 2 HT 2 ~ ((6i). + b\ - b 2 )T u 
and hence the leading order growth is cancelled by the choice 

(b 1 ) s + bj-b 2 = 0. (1.23) 

We then solve for 

HS 2 = -b\{ATx - Ti) + NL(T U Q) 
and check that S 2 -C b\T\ for y large. 

0(b^ +1 , fefe+i). At the A;-th iteration, we obtain an elliptic equation of the form: 

(b k ) s T k + hb k AT k + b k+1 HT k+1 + HSt = b\ +1 NL k (T u ...,T k ,Q). 
We have from (jl.2ip for tails: 

AT,, - (2k - l)T k 



if (6i) s = — ci&i, then — 4f ~ &i ~ e C1S and hence after integration in time [logA| < 1 and 
there is no blow up. 
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and therefore: 

(h)sT k + hb k AT k + b k+1 HT k+1 ~ ((b k ) s + (2k - l)hb k - b k+1 )T k . 

The cancellation of the leading order growth occurs for 

(b k ) s + (2k - l)hb k - b k+l = 0. 

We then solve for the remaining S k +i term and check that Sfc+i <C b\ +l T k+ \ for y 
large. 

(Hi) The universal system of ODE's. The above approach leads to the universal 
system of ODE's which we stop after the L-th iterate: 

(b k ) s + (2k - 1) hb k - b k+l = 0, l<k<L, b L+1 = 0, -y = 6i- (1-24) 

It turns out, and this is classical for critical problems, that an additional logarithmic 
gain related to the growth (|1.2ip can be captured, and this turns out to be essential 
for the analysis^. This leads to the sharp dynamical system: 

(b k ) a + (2k - 1 + 1E J JT ) fei&fc - b k+ i = 0, l<k<L, b L+1 = 0, 
-% = h, (1-25) 

ds 1 

dt A 7 ' 

It is easily seen -Lemma 12.141 that ([1.25p rewritten in the original t time variable 
admits solutions such that X(t) touches in finite time T with the asymptotic (|1.13p . 
equivalently in renormalized variables: 

Ms) ~ fiS^, «.) ~ S with c, - ^ 4 - (1-26) 

Moreoever -Lemma 12.1 51 . the corresponding solution is stable for L = 1, this is the 
stable blow up regime, and unstable with (L — l) directions of instabilities for L > 2. 

(iv). Decomposition of the flow and modulation equations. 

Let then the approximate solution Q b be given by (|1.22p which by construction 
generates an approximate solution to the renomalized flow (|1 . 18)) : 

* b = d s Q b - AQ b + bAQ b + f -^- = Mod(t) + 0(b 2L + 2 ) 

V 

where roughly 



(bi) s + (2i - 1 + — — )bibi - b i+ i 



Mod(t) = sL =i ^ _ 

logba 



Ti. 



We localize in the zone y < B\ to avoid the irrelevant growing tails for y S> — h=. 

v»i 

We then pick an initial data of the form 

My) = Qb(y) + £o(y), ko(y)l < i 

in some suitable sense where 6(0) is chosen initially close to the exact excited so- 
lution to (jl.24p . From standard modulation argument, we dynamically introduce a 
modulated decomposition of the flow 



u(t,r) = (Q m +e)(t,^) = (Q b(t) ) K ) +w(t.r) (1.27) 



see for example |36| for a further discussion. 
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where the L + l modulation parameters (b(t), X(t)) are chosen in order to manufac- 
ture the orthogonality conditions: 

{e(t),H k <S> M ) = 0, 0<k<M. (1.28) 

Here $m(u) is some fixed direction depending on some large constant M which 
generates an approximation of the kernel of the iterates of H, see (|3,7p . This 
orthogonal decomposition, which for each fixed time t directly follows from the 
implicit function theorem, now allows us to compute the modulation equations 
governing the parameters (b(t), A(i)). The construction is precisely manufactured 
to produce the expected ODE'^: 



(b t ) s + (2i - 1 + u—n) b ^ b i ~ 
log&i 



< M\loc + b L x + ^ (1.29) 



where joc measures a local in space interaction with the harmonic map. 

(Hi). Control of the radiation and monotonicity formula. 

According to (|1.29|) , the core of our analysis is now to show that local norms of e 
are under control and do not perturb the dynamical system (|l,24p . This is achieved 
using high order Sobolev norms adapted to the linear flow, and in particular we 
claim that the orthogonality conditions (|1.28p ensure the Hardy type coercivity of 
the iterated operator: 

We now claim the we can control theses norms thanks to an energy estimate seen on 
the linearized equation in original variables that is by working with w in (|l,27p and 
not s, as initiated in |36) . |32] , Here the parabolic structure of the problem simplifies 
a bit the analysis to display some repulsively property of the renormalized linearized 
operator, see the proof of Proposition 13.481 The outcome is an estimate of the form 

where the right hand side is controlled by the size of the error in the construction of 
the approximate blow up profile. Integrating this in time yields two contributions, 
one from data and one from the error: 

(■s i2fc+3 

W(s) < A 4fe+2 ( S ) W(0) + \ 4k+ \s) J ^llogfcaPda. 

The second contribution is estimated in the regime fjl . 26|) using the fundamental 
algebra: 

(2 , + 3) - cl( « + 2) . 1 + fc^){^-*^-. (,3!) 
Hence data dominates for k < L — 1 up to a logarithmic error: 

/s i2fc+3 ps j 

which yields the bound 

W < A 4fc+2 |log S | c , 0<A;<L-1 (1.32) 



3 see Lemma 13.31 
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which simply expresses the boundedness up to a log of w in some Sobolev type H k+l 
norm. On the contrary, for k = L, first of all we can derive a sharp logarithmic gain 
in (Oil : 

d [wu &f +3 (133) 

ds 1 A 4fc + 2 J ~ A 4i + 2 |log6i| 2 { ' 

and then the integral diverges from (jl.31|) and: 

7 S0 A 4L + 2 1 logfti | 2 J so a A 4L+2 |log6i| 2 | logfti | 2 

We therefore obtain 

ip.L+2 

S2L+2 < TT^- ( L34 ) 

|log6i| z 

The difference between the controls (|1.32|) for < k < L — 1 and the sharp control 
(|1.34p is an essential feature of the analysis and explains the introduction of an 
exactly order L + 1 Sobolev energy. 

We can now reinject this bound into (|1.29p and show thanks to the logarithmic 
gain in (|1.33p that e does not perturb the system (|1.25p , modulo the control of the 
associated unstable L — 1 modes by a further adjusted choice of the initial data. 
This concludes the proof of Theorem 11.11 



This paper is organized as follows. In section [21 we construct the aprroximate 
self similar solutions Qb and obtain sharp estimates on the error term ty^- We also 
exhibit an explicit solution to the dynamical system (|1.25p and show that it displays 
(L — 1) directions of instability. In section [HJ we set up the bootstrap argument, 
Proposition [3J] and derive the fundamental monotonicity of the Sobolev type norm 
£:||^ 2 , Proposition [321 which is the heart of the analysis. In section^ we close 
the bootstrap bounds which easily imply the blow up statement of Theorem 11.11 

2. Construction of the approximate profile 

This section is devoted to the construction of the approximate blow up profile 
and the study of the associated dynamical system for b = (b\, . . . , b£). 

2.1. The linearized Hamiltonian. Let us start with recalling the structure of 
the harmonic map Q which is the unique -up to scaling- solution to 

AQ = g{Q), Q(0) = 0, lim Q(r) = TT. (2.1) 

This equation can be integrated explicitehjj. Q is smooth Q G C°°([0, +oo), [0,7r)) 
and admits using (|1.3p a Taylor expansions to all order at the origin: 

Q(y) = zUay 2l+1 + 0(y 2p+3 ) as y^o, (2.2) 

and at infinity: 

Q(y) = vr - 1 - XLi-fel + O (^3) as y -+ +00. (2.3) 

The linearized operator close to Q displays a remarkable structure. Indeed, let the 
potentials 

Z = g'(Q), V = Z 2 + AZ = f'(Q), V = {l + Z) 2 -AZ, (2.4) 



^see |37] for more details 
'''up to scaling 
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which satisfy from (|2.2p . ([2.3p the following behavior at 0, +00: 

/ l + £? =1 c^ + 0(y 2 P+ 2 ) as y^O, 
Z (y)-\ -I + E^+Ofi) asy^+oo, (2 ' 5) 



[ 1 + Sf =lCi y 2i + 0(y 2p + 2 ) as y -> 0, 
^ = 1 + + O (-^ as „ +oo, ^ 



f 4 + Sf =1 c,y 2i + 0(y 2 P+ 2 ) as y -> 0, 

+ as ^ 



where (cj)j>i stands for some generic sequence of constants which depend on the 
Taylor expansion of g at (0, %). The linearized operator close to Q is the Schrodinger 
operator: 

H = -A+^. (2.8) 

yl 

and admits the factorization: 

H = A*A (2.9) 

with 

A = -$, + -, A* = 5 y + i±^, Z(y) = g'{Q). 

y y 

Observe that equivalently: 

A " = - A «|(^)' A ""=^QTy^ AQ) (210) 
and thus the kernels of A and A* on are explicit: 

Au = iff u G Span(AQ), A*u = iff u 6 Span ( — J— ] . (2.11) 

\yAQJ 

Hence the kernel of on IR*_ is: 

i2u = iff u G Span(AQ,r) (2.12) 

with 

rw dx f O(J) as y^O, 



/•2Z fix \ 0(y) aS 2/ — y 0) 

r(y)=A<A 7i »F = I + OM as „- + oo. (2 ' 13) 



In particular, H is a positive operator on H^ ad with a resonnance AQ at the origin 
induced by the energy critical scaling invariance. We also introduce the conjuguate 
Hamiltonian 

H = AA* = -A + ^ (2.14) 

yl 

which is definite positive by construction and ([2.1ip . see Lemma lB.21 
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2.2. Admissible functions. The explicit knowledge of the Green's functions al- 
lows us to introduce the formal inverse 

H^f = -T(y) F fAQxdx + AQ(y) F fTxdx. (2.15) 
Jo Jo 

Given a function /, we introduce the suitable derivatives of / by considering the 
sequence: 

fo = f, h + i = { i*/ k /°\ k ° dd , k > 0. (2.16) 
JV ■" JK+1 \ Af k for k even ' - v ' 

We shall introduce the formal notation 

fk=A k f. 

We define a first class of admissible functions which display a suitable behavior both 
at the origin and infinity: 

Definition 2.1 (Admissible functions). We say a smooth function f G C°°(R + ,R) 
is admissible of degree (pi,P2) € N x Z if: 

(i) f admits a Taylor expansion at the origin to all order: 

f(y) = TP k=pi c k y 2k+l + 0(y 2 ^ 3 ). (2.17) 

(ii) f and its suitable derivatives admit a bound for y > 2: 

~ °' ~ \ y^-l for 2p 2 - k < ' (2 " 18) 

H naturally acts on the class of admissible functions in the following way: 

Lemma 2.2 (Action of H and H -1 on admissible functions). Let f be an admissible 
function of degree (pi,P2), then: 

(i) V7 > 1, H l f is admissible of degree: 

(max(pi-Z,0),p2-0- ( 2 - 19 ) 

(ii) VZ,p2 > 0, H~ l f is admissible of degree: 

(pi + l,P2 + l). (2-20) 



Proof of Lemma \2. "A This a simple consequence of the expansions (|2.2p . f)2 . 3[) . 
Let us first show that Hf is admissible of degree at least (max(pi — 1, 1),P2 — 1) 
which yields (j2.19|) by induction. We inject the Taylor expansions (|2.17p . (|2.18p into 
(|2.8p . Near the origin, the claim directly follows from the Taylor expansion (|2.6|) 
and the cancellation H(y) = cy + 0(y 3 ) at the origin. The claim at infinity directly 
follows from the relation U/- = fk+2 by definition. 

Let now p 2 > and u = H~ 1 f be given by ([2.150 . and let us show that u is 
admissible of degree at least (p\ + 1,P2 + 1) which yields ([2.200 by induction. From 
the relation u k = fk-2 f° r k > 2, we need only consider k = 0, 1. We first observe 
from the Wronskian relation T'(AQ) - (AQ)'T = | that 

^ r = _ r , + z r = _ r , + (Aoy r - 



y AQ yAQ 

We thus compute using the cancellation AAQ = 0: 

ry i ry 

Au = -AT / fAQxdx = —— / fAQxdx. (2.21) 
J * yAQ J 



13 

Moreover, we may invert A using (|2.10p and the boundary condition u = 0(y 3 ) 
from (|2.15p which yields: 

ry An, ry a t r% 

" ~ ~ AQ L M3 ix = ~ AQ{y) L *AQM? L '« A «^ < 2 ' 22 > 

This yields using (|2.2p the Taylor expansion near the origin: 

Au = K= P A ] y 2k+2 +o(y^% u = -AO jT ^dx = K=Ju ] y 2k+ "+o{y 2 ^) 

and hence u is of degree at least pi + 1 near the origin. For y > 1, we estimate in 
brute force from <^T2T\i . <&?FI§ 1 for p 2 > 1: 

1^1 = N < [ y r^-\l + \\ogr\)dT < y 2p Hl + |logy|), 



Jo 

M < - /"r 2p2 (l + \logr\)Tdr < y 2 ^ + \l + |logy|), 

y Jo 

and for p2 = 0: 

1^1 = Nl ^ 



x dT< l + |logy|, 
- I (1 + |logr|)rdr < y(l + |logy|). 



y 

Hence u satisfies (|2.18p with p2 — > P2 + 1 and fc = 0, 1. □ 

Let us give an explicit example of admissible functions which will be essential for 
the analysis. From (|2.2p and the cancellation AAQ = 0, AQ is admissible of degree 
(0,0), and hence Lemma 12.21 ensures: 

Lemma 2.3 (Generators of the kernel of H l ). Let the sequence of profiles for i>l 

Ti = {-VfH^KQ, (2.23) 

then Ti is admissible of degree 

2.3. b\ admissible functions. We will need an extended notion of admissible func- 
tion for the construction of the blow up profile. In the sequel, we consider a small 
enough < b\ <C 1 and let Bq,xb be given by (|1 . 14|) . f j 1 . 1 5 1) . Given I £ Z, we let: 

( l+|log(y^Ty)| , n fnr 7 > 1 



and similarity: 



k |logbi| 

f iMw for 1>1 

9i(h,y) = I ~ ■ (2.25) 

y K ' yj I 1 y< 3B o for / < 
I |logfti| Ior 1 - u 

We then define the extended class of b\ admissible functions: 

Definition 2.4 {b\ admissible functions). We say a smooth function f £ C°°(1R^_ x 
R_j-,M) is b\-admissible of degree (pi,P2) £ N x Z if: 
(i) For y < 1, f admits a representation 

f(b 1 ,y) = ^ =1 h J (b l )f j (y) (2.26) 

for some finite order J £ N* , some smooth functions fj(y) with a Taylor expansion 
at the origin to all order: \/y < 1, 

fj(y) = ^L Pl ck,y 2k+1 + 0(y 2p+3 ) (2.27) 
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and some smooth functions hj{b\) away from the origin with 



VI > 0, 



d l h, 



db[ 



~ b[' 



(2.28) 



(ii) f and its suitable derivatives (I2.16P satisfy a uniform bound for some constant 
c p2 > 0: My >2,Mk> 0: 



\fk(h,y)\ < y 2 ^ k - 1 g 2p2 - k (b 1 ,y)+ y 2 ^- k - 3 \logy\^ 

+ iW,o(My 2p2 ~ fc ~%>3B , 



(2.29) 



and VZ > 1 : 



Ql 

gyrfk{bl,y) 



< -rnr-n {y^^hp.-kih^ + y^-^llogyl^} 



+ iw#i)y 2p2 ^~%>3s 



with 



V/>0, Fp^h) 



for 2p 2 -k-3< -1, 

for 2p 2 - k - 3 > 



(2.30) 
(2.31) 



Remark 2.5. Let us consider the solution T\ to 

HT% = -AQ, 

then an explicit computation reveals the growth for y large 

AQ ~ -, Ti(y) ~ ylogy. 

y 

The &i admissibility corresponds to a log&i gain on the growth at oo which is an 
essential feature of the slowly growing tails in the construction of the modulated 
blow up profile in Proposition 12.121 Observe for example that (|2.29p , (|2.31f> imply 
the rough bound: 

d l f k 



2p 2 -l-fc 



db[ 



(1 + yf^-k 

|log6i| 



k > 0, 1>1, 



(2.32) 



and hence a logarithmic improvement with respect to ([2.18p . This gain will be 
measured in a sharp way through the computation of suitable weighted Sobolev 
bounds, see Lemma [2.81 



We claim that H,H 1 and the scaling operators naturally act on the class of b\ 
admissible functions in the following way: 

Lemma 2.6 (Action of H.H^ 1 and scaling operators on &i-admissible functions). 

Let f be a b\-admissible function of degree (pi,P2), then: 
(i) VZ > 1, H l f is b\- admissible of degree: 



(max(pi - Z,0),p 2 - 0- 
(ii) VZ,p2 > 1; H f is bi-admissible of degree: 

(Pi + l,P2 + 0- 

(Hi) Af = ydyf is admissible of degree (p\,P2). 
(iv) b\^ is admissible of degree (pi,P2)- 



(2.33) 
(2.34) 
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Proof of Lemma \2. 61 step 1 Proof of (i). Let us show that u = Hf is 6i-admissible 
of degree (max(pi — 1,0), p 2 — 1) which yields (|2.33p by induction. Near the origin, 
the claim directly follows from the Taylor expansion (|2.27p with (I2.26P and the 
cancellation H (y) = cy + 0(y 3 ) at the origin. For y > 1, H is independent of b\ so 
that by definition 

V; > = d ^ k+2 

" ' db\ db\ 

which satisfies (l2~29l) . (l2~3fl . ([2~3ll withp 2 -»• p 2 -l and i^_ llfc ,i(6i) = Fp 2j fe+ 2 ,K 6 l)> 
and (|2.33|) follows. 

step 2 Proof of (ii). Let now p2 > 1 and let us show that u = H^ 1 f is admissible 
of degree (pi + l,p2 + 1) which yields (|2,34|) by induction. Observe that for k > 2, 

v/ > o = g/ ^ fc - 2 

which satisfies (l2~29l) . (I23T1 . (HOB withp 2 ->• P2+1 and Fp 2+W (&i) = F P2tk _ 2 ,i( b i)- 
It thus only remains to estimate u,Au and their derivatives in &i. 
Estimate for u near the origin: The inversion formulas (|2.2ip . (|2.22p ensure the 
decomposition of variables near the origin 

u(b\,y) = Ej =1 hj(bi)uj(y) 

with using (|2.2p the Taylor expansion near the origin: 

Auj = K= P ^]y 2k+2 +0{y^), n, = -AQ jP ^dx = ^ k=pi c^y 2k+3 +0(y^ 
and hence u is of degree at least pi + 1 near the origin. 

Estimate for u\ = Au for y > 1: We use the formula (12.2111 and the assumption 
P2 > 1 to estimate for 1 < y < 3Bq: 



\M < [ V \f\dT< r[r 2 P a - 1 ga pa _ 1 (6 lj r) + T J2 P a - 3 |bgr|^]dr 

, P2n , | / ^-Hl + |log(T|)da + 0(y 2 ^- 2 |logy| 1+ ' 
A |log6i| 7 



< 

|logbi| 

= y 2(P2+1) - 2 5 2(P2+ i)-i(&i,y) + y 2(P2+1) - 4 |iog y | 1+ 

and for y > 3 -Bo: 



\Au\ < / |/|dr</ r 2 ^- 1 g 1 (b 1 ,T)dr+ F^b^r^dr + 0(y 2 ^ 

JO JO J3B 

pJ-^+ r F p2 Mbi)r 2p2 - 3 dr + 0(y^- 2 \logy\ 1+ ^). 
1 l lo g & ll i3B 



If j»2 = 1 which is the borderline case 2p 2 — 3 = —1, then -F P2i o.o = 0, and we thus 
get the bound for all p 2 > 1, y > 3Bq : 



lM ~ y2P " 2 (67^ +jFp2A0(6l) ) +y2P " 2|1Ogy|1 

< r / 7n y 2p2 - 2 + y 2(p2+1) - 4 |log y | 1+c - 
6i logbi 



/.>■) 
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and (pl3T|) is satisfied for (p 2 ->• p 2 + 1, k = 1) thanks to 2(p 2 + 1) - 1 - 3 > 0. 
We now pick I > 1. if is independent of hi so 



if 



07 



and we therefore compute from (|2.2ip 

d l Ul 1 



" 57 
AQ — j-xdx. 



db\ yAQ Jo db[ 

This yields the bound for |y| < 3Bq: 

-y i 

1 ' ?P2-lz 



d l ui 


£ / 


db[ 


JO 



{ff^hn-iih, y) + y 2p2 - 3 |logy| c ^ } dy 



< 



1 



hilloghi 
1 



[y 2p2 gi(bi,y) + y 2p2 ~ 2 \logy\ 



c„, +11 



h^loghi 



y 2(P2+1) ~ 2 y 2 ( P2+ i)-i(ki,y) + y 



2(p a +l)-4 



I logy | 



c P2 +l 



and for \y\ > 3Bq: 



d l u\ 



db[ 



1 



< 

~ h^loghil 



— + y 2 ^- 2 |logy|^ +1 



+ 



^ 2 ,o,/(^i)y 2p2 ~ 3 ^- 



Again, if p 2 = 1, F, 



P2,0,Z 



1 

and we therefore obtain the bound for all p 2 > 1: 



1 



< 



y 



&T>g&i| 

2(p 2 +l)-l-3 i 

+ 



+ 



y 



2p 2 -2 



I logy | 



C P2 +1 



hilloghi 



2(p 2 +l)-l-3 



I logy | 



c D „+l 



hi +1 |loghi| hi|loghl| 

and ()2,3ip is satisfied for (p 2 — >• P2 + 1> fe = 1) thanks to 2(p 2 + 1) — 1 — 3 > 0. 
Estimate for u: We now estimate from the above bounds and f|2.22|) : for 1 < y < 
3B , 

\u\ < - [ V \Au\TdT<- [ V [r 2 P 2+1 g 2p2+1 (b 1 ,T)+T 2 ^- 1 \logr\ 1+ ^] dT 

y Jo y Jo 

< y 2 - +1 ^^ + y 2 -->gy| 2 + c - 

|loghi| 

= y 2(P2+1) - 1 52 (P2+ i)(&i,y) +y 2(P2+1) - 3 |logy| 2+c ^ 

and for y > 3Bq: 



M < 



i 



/ r 2 ^+ 1 g(b 1 ,T)dr+ / Fp^oihyP^dr 
Jo J3B 

I logy I 



1 



+ y 



3B 

2(p 2 +l)-3| W , ) |2+ Cp2 



+ y 



2(p 2 +l)-3 



I logy I 



2+c„ 



_hi|loghi I 

which satisfies ([2~29)) for (p 2 ->• p 2 + l,k = 0) thanks to 2(p 2 + 1) - 3 - 1 > 0. 
Finally, for I > 1, 1 < y < 3B : 



d l u 


< I 


ry 


d l u\ 


db[ 


y 
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db[ 



rdr < 



1 



yh'Jloghil Jo 



[r 2 ^ +1 y 2p2+ i(hi,r) +r 2 ^- 1 |logr| 1+ ^] dr 



< 



hilloghi 



2(p 2 +l)-ls 



92( P2 +i){bi,y) + y 



2(p 2 +l)-3 



I logy I 



c P2 +l 



17 



and for y > 3Bq: 



d l u 


< I 


IL 




y 





-3B T 2 P2+ l h(buT) ry 

-dr + / F P2+ i,i,/(&i)r P2 dr 



b[\\ogbi 



+ 



y 2(p 2 +l)-3| logy | 

&i|log&i| 



< 



y 2(p 2 + l)-3 2/ 2(p 2 +l)-3| logy |2+c P2 



&l +1 |log&i| 



+ 



&i|log&i| 



and hence u is b\ admissible of degree (p% + l,p% + 1). 



step 3 Proof of (iii), (iv). The property (iv) is a direct consequence of the 
Definition 12,41 of b\ admisssible functions and the trivial bound 

9i(h,y), 



|log&i 



9i(h,y)- 



. We now turn to the proof of (iii) and first rewrite the scaling operator as 

A = yd y = -Id-yA+{l + Z). 

Near the origin, the existence of the decompositon (|2.26[) follows directly from the 
even parity of the Taylor expansion of Z at the origin (|2.5j) . Far out, let 

Af = -f-yfi + (l + Z)f. 

A simple induction argument similar to Lemma |D . 1 1 yields the expansion for k > 1: 

(yfi)k = ck+wfk+i + c k+2 fk + ^i =1 Pk,i(y)fi 

with the improved decay: 

1 



\9yPkM\ £ J +y 2+l+k- 



V/ > 0, y > 1. 



(2.35) 
(2.36) 



We therefore obtain from (l2~32l) . (l2~35l) . (l2~36l) . (|2~5|) the bound: 



|(A/) fc | < |y/fc+i| + |/*|+Stop^=7/y 



2p a -i-l 

2p2— fc— 3 1 



< ^-^^-(fc+i) + 52 P2 -fc) + y^-^llogyl^ 
+ (^ 2 ,fe,o + F P2!fe+li0 )y 2p2 - fc - 3 l y > 3Bo 

We now observe the monotonicity Q2p 2 -k-i ^5 92p 2 -k from ([2.24|) and K> 2 fc+ 1 o i$ 
F p2iA . i0 from (EES), and thus ( A /)fc satisfies ([230)1 . (I23TD for Z = 0. Similarity for 
> 0, i > 1, we use the bound for y > .Bo: 



2/ 



2p 2 -fe-5 



>i)l< 



y 



2p 2 -k-b 



< 



y 



2p 2 -k-3 



6i +1 |log6i| ~ &i |log&! | 



to estimate: 

d l (Af)k 



< 



d l f k+ i 



+ Eta 



— 1^— 



+ 



d l f k 



db[ 



[y 2p '' 



2p2— i— 1 i 2p2— «— 3 



! |logyM H-iW&iV 



2p2— «— 3- 



■3/>3B 



^-^'^-(fc+i) + 52 P2 -fc) + y 2p2 -^ 3 |logy|^ 



~ &5_|log6n l 

+ {Fpi,k,l + Fp 2 ,k+l,l)y 2P2 ~ h ~ 3 ly>3B 

and the bounds g 2p2 -k-i < <?2 P2 -fc, ^p2,fc+l,J ~ F P2,k,l now ensure (|2.30p, (|2.31|) for 
Z > 1. □ 
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2.4. Slowly growing tails. Let us give an example of admissible profiles wich will 
be central in the construction of the leading order slowly modulated blow up profile. 
Given b\ > small enough, we let the radiation be: 



with: 



H 



-i 



CbjXE^AQ + d bl H[(l - xb )AQ] 



(2.37) 



rB 

, d bl = c bl / XEo AQTydy. (2.38) 
Jo 4 



We claim: 



Lemma 2.7 (Slowly growing tails). Let (Tj)j>i be given by (|2.23|) . then the sequence 
of profiles for i > 1 

Qi = AT, - (2t - 1)7} - {-l) l+1 H- i+l ^ bl , (2.39) 
is b\- admissible of degree (i,i). 

Proof of Lemma \2. 71 step 1 Structure of T\. Let us consider T\ = —H~ 1 AQ which 
is admissible of degree (1, 1) from Lemma [2.31 For y > 1, and explicit computation 
using the expansion (|2.3p into (|2.15p yields: 



Ti(y) = ylogy + e y + O 



I logy I 



ATi = y\ogy + (l + e )y + O 



I logy I 



for some universal constant eo, and hence the essential cancellation: 

I logy | 2 



AT 1 -T 1 = y + 

We now prove that Oj is of order (i,i) by induction on i. 

step 2 i = 1. By definition: 

Sbi = T(y) / c^x^AQfxdx - KQ{y) I c^x^TAQxdx 
Jo 4 Jo 4 

+ d&i(l-XB„)AQ(y) 
and thus by definiton of c bl , given by (I2.38P : 



(2.40) 



(2.4i; 



c bi n for y<^ 



(2.42) 



(2.43) 



4r for y > 3B 

In particular, T, bl admits a representation ([2.26p near the origin with J = 1, hi(b{) = 
c bl and f\(y) = 7\(y), and thus an expansion (|2,27p of order p\ = 1 from the first 
step. A direct computation on the formula (|2.38p yields the bounds: 



VI > 1 



|log&i 
d l c bl 



1 + 



1 



9&J 



< 



|log&i 
1 



Mbi I < 7-t; — n 

&l log&i 



llogbi 



which imply (p2~28j) . 

For y>W , we estimate from (|2~T3|) . (EQ3]) : 

E 6l (y) = y + 



logy 



< 



^ +1 |log&i| 



(2.44) 
(2.45) 

(2.46) 
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and for 2 < y < 3Bq: 



logy 

y 



V- +0 



X^AQfxdx 

4 

1 + y 



J X £a(AQ) 2 \\logh\J- 

4 

We thus conclude from (pT4"T|) . (f2TTf|) that for y < 3B : 



rv 

c bl AQ(y) J 0(l)xdx 
(2.47) 



&i(y) 



y-y- 



+ o 



1±JL) o ^ lp g^l 2 

llogftil^ \l + y 



Oi 7^(l + |log(yV^)l 



|log6i 



which together with the bounds (|2,40p . (|2,46p for y > 3 -Bo yields the bound for 
V > 2: 

|ei(y)|<y<7 2 (6i,y) + 0^ |ll>K ' /h 



y 



We now compute from ([ZZID , (|2~37]) : 



AS 



1 



6i 



AQ 



yAQ 7o 

and estimate from (|2.44p for y < 3Bq: 



CbtXEo^Q + d bl H[(l - xb )AQ] 



xdx 



AS 



bi 



4 + c bl 



and for y > 3Bq: 



yAQ yAQ 
-2 + 0( gi (h, y )) 

A 



jJ°(AQ) 2 xdx + O ^1b <«<3Bo) 



yAQ 



-2 + 



Moreover, a simple rescaling argument yields the formula: 



AZ 

A(Au) = Au + AAu u 

y 



and thus using (f2T4"0|) . (pH>j) : 



AZ, 



A(ATi - Ti) = AATi T x = AAT X + O 

y 



We now estimate from (pl2T|) . 



and similarily: 
from which 



yAQ 



(AQfxdx 



AATi = -2 + 



21ogy + O 

logy\ 
y 2 J 

logy 



logy 



logy 



A(ATi -Tx) = -2 + 
We thus conclude from ([2~1HD . (|2~4^1) . (l2~50l) . (|2~5T]) that 

l^e 1 |< 5l (6 1 ,y) + 0^ 1< ' A?/ 



(2.48) 



(2.49) 
(2.50) 



(2.51) 
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We now turn to the control of HQ\. We first compute from a simple rescaling 
argument: 



H(Au) = 2Hu + AHu 



AV 



(2.52) 



which implies: 



H{AT l - Ti) = -AQ - A 2 Q + O 



logy 

y 3 



O 



logy 



Hence the desired cancellation according to (|2.24[) : 
\HQ 1 \<\H(AT 1 -T 1 )\ + \H2 bl \< ' 



(l + y)|log6i 



-ly<3B + O 



logy 



The control of higher order suitable derivatives in y now follows by iteration using 
fl2~3|) . (pUD . Hence Gi satisfies the bound ([2T29]) with p 2 = 1, I = 0. 
We now take derivatives in &i in which case from (|2.42p for I > 1: 



""a&f = r(y) i> ^W x W (AQ)2xda: 



A( 3(y) / [cb 1 xs 1 |rAQxdx + — y{a! 6l (i - Yj? )}MKy) 



and from 



We estimate in brute force from (|1 . 14|) : 

d l XB 



db[ 



(y) = for y>3B . 



db[ 



< ^-B <y<2B 
b\ 



and thus obtain from the Leibniz rule and (|2,45p for y < 3Bq: 



db[ 



< » 

6^ |log6i | 2 



(l + |logy|) + 



J k=l ,i-k 



6'f fc 6^|log6i| 2 



'-<y<3B 



+ 



< 



1 



] i=o^+i| log6i | 



2 



< 



ygi 



y(l + | logy | 
6j |log6i| 2 ~ b[\logbi 



The control of higher suitable derivatives ( ® ) follows similarly using the 



Lk>l 



explicit formula (|2.37p . This concludes the proof of the estimate (|2.30p with p 2 = 1, 
and thus Bi is 6i-admissible of degree (1, 1). 
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step 3 i — >■ We assume the claim for 0j and prove it for 0j+i. From (|2.23p . 

(BD , (12321) : 



#0; +1 = J f3-(Ar i+1 )-(2i + l) J ffT m -(-irF- l+1 S 6l 



AV, 



i+i - (2« - l)#T i+1 + - -2-T i+ i 

y 2 

= - [(ATj - (2t - 1)1} - (-l) l+1 F- l+1 S 6l ] - 

y 

yZ 

The induction hypothesis ensures that 0j is &i-admissible of order (i, i). Moreoever, 
near the origin, Tj + i is from Lemma [2,31 of degree i + 1 and hence the development 



(|2,6p ensures that -p-Ti + i is of degree i + 1 near the origin. For y > 1, (|2.6p ensures 
the improved bound 



d p (KV 

dyP \ y2 



< 



■p+4' 



y 



p > o 



and since Tj+i is of degree i + we obtain from Leibniz rule the rough bound: 

VA: > 0, 



4* 



Ay 



i 



^0 ^ p =o yk-p+iU \ iu &y\ ^ y \ iu &y\ 



and hence — 5rTj+i, which is independent of b\, satisfies (|2.29p and is b\ admissible 
of degree (i,i). We conclude from Lemma 12.61 that 0j+i is admissible of order 
(i + 1, i + 1). □ 

2.5. Sobolev bounds on b\ admissible functions. The property of ^-admissibility 
leads to simple Sobolev bounds with sharp logartihmic gains. We let B\ be given 

by (irm 

Lemma 2.8 (Estimate of b\ admissible function). Leti > 1 and f be a b\- admissible 
function of degree (i,i). Then: 



J 

Jy<2B 1 



k t \2 



H k f\ 



llog&il 4 ^- 1 ) 



o 1 v '|logO]+ 



< 



for < k < i - 1, 



/ \H k f\ 2 < 1 for k>i. 

Jy<2B 1 



(2.53) 

(2.54) 



i + I logy I 

y<2B 1 1 + y 4 



H k f\ 2 + / 1 -^f\AH k f? < llog^l 3 for k > i - 1. 

A<2B a 1 + y 



(2.55) 



Remark 2.9. The boundedness of the Sobolev norm (|2.54p in the borderline case 
k = i is a consequence of the definition (|2,24p . Indeed, 

2 

~ |log&i| 



l LI 



y<3B 



1 + |logV5iy| 



but 



(l + y)|logbi| 
1 



y<3B 



;i + y)|log&i 



< 1. 



(2.56) 
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Proof of Lemma \2. 81 . Let k > 0. Near the origin, the cancelation A(y) = y 2 + 0{y) 
and the Taylor expansion (|2.27p ensure that H k f is bounded uniformly in y < 1, 
I &i| < \- For U > 1) we estimate from f|2.29[) : 



k f \2 



y<2B 1 



\H k f\ 



\f2k\ 2 ^ 



+ 



y 



3B <i/<2Bi 
2i— 2Jfc— 1 



l-^,2fc,o( & i)y 



2i-2ifc-3i |2 
Ly>3B \ 



92i-2k(b,y) + y 

'l<y<2Bx 

For k > i, Fi^k,o = and we estimate from (|2.24p . (|2.56P : 



2i-2fc-3 



logy | Cl 



H k f\ 2 <\ + 



3/<2Bi 



l<y<2Bi 



2(i— fe)— 1 ^-y<3Bo 2i-2fc-3 



|logfe 



5 1 logy I * 



< 1. 



For fc < i — 1, the growth can be controlled in a sharp way. Indeed, we estimate 
-using Fi 2k,o = f° r k = i — 1 precisely to avoid an additional logarithmic error-: 
i4i— 4fc— 4 



\H k f\ 2 < =± 

y<2B! ~ 6f|log6i| 2 



+ 



1 



|log6i| 2 



y 



4(i-fc)-2/ 



j/<3B 



(i + |iogv&ivr) + B i 



4(i-fc)-4 



log6i| 2Cp 2 +1 



R 4(i-fc) 
< 1 + ^0 

|logfei| 2 



+ 



logfeil 4 ^-^ 1 ) < llogftil 4 ^-*- 1 ) 



fef- fc) |logfei| 2 



fei |logfei| 



Finally, for k > i — 1, we estimate using the rough bound (|2.32p : 
1 + |logy| 2 lrrfcrl2 , /" l + |logy| 2 



k i\2 



< 



y<2B! 1 + y A 

1 + |logy| 2 

i + y 4 



\H k f\ 2 +[ 1 + \ AH "f\ 

Jy<2B^ 1 + IT 



'y<2Bi 

< llogfeil 3 - 



(i + y) 



2i-2fc-l 



+ 



1 + l 1 ^! 2 (l + y) 2i-2(fc+l)-l 2 



y<2Bi 



1 + y* 



□ 



2.6. Slowly modulated blow up profiles. We proceed in this section to the 
construction of the approximate modulated blow up profile. Let us start with in- 
troducing the notion of homogeneous admissible functions: 

Definition 2.10 (Homogeneous functions). Given parameters b = (fefc)i<fc<L an d 
(PiiP2,P3) £ NxZxN, we say a function S(b,y) is homogeneous of degree (pi,P2,P3) 
if of the form 



S(b,y) 



J J=(jl,...,j L ), \J\2=P3 



cj(li L k=i yA~Sj{b 1 ,y) 



where 



2>k =1 kj k , 



J=(j 1 ,..., Ji )GZxM L - 1 , |J| 2 
and for some b\-admissible profiles Sj of degree (pi,P2) in the sense of Definition 



We note: 



deg(S) = (pi,P2,Ps)- 



Remark 2.11. We allow for negative powers of b\ only in the above definition. This 
ensures from Lemma 12.61 that the space of homogeneous functions of a given degree 
is stable by application of the operator b\-^-. It is also stable by multiplication by 
c bl from (TjOID, (12~15D . 
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We may now proceed to the construction of the slowly modulated blow up profiles. 

Proposition 2.12 (Construction of the approximate profile). Let M > be a 

large enough universal constant, then there exists a small enough universal constant 
b*(M) > such that the following holds true. Let a C 1 map 

b = (& fc )i<fc<L : [s , si] -> (~b*(M), b*(M)) L 

with a priori bounds on [sq,sx]: 

0<h<b*(M), \b k \ < b\ for 2 < k < L. (2.57) 

Let B\ be given by fjl . 14j) and (Tj)i<j<£ be given by (|2.23|) . Then there exist homo- 
geneous profiles 

' Si(b,y), 2 < i < L + 2 
Si = 



with 



deg(Si) = (i, i, i) 

|| = for 2<i<j<L ( 2 ' 58 ) 



such that 

Qb(s)(y) = Q(y) + a b{s) (y), a b {y) = E^T^y) + Sf = + 2 5 4 (y) (2.59) 
generates an approximate solution to the renormalized flow: 

d s Q b - AQ b + hAQ b + f -^- = ^ b + Mod(t) (2.60) 

yl 



rp , <pL + 2 



(2.61) 



with 

Mod(t) = Ef =1 [(bi) s + (2i - 1 + c bl )hbi - b i+1 ] 
Here we used the convention 

b L+1 = 0, T = AQ, 

and *$> b satisfies the bounds: 
(i) Global weighted bounds: 

Vl<k<L, [ \H k ^ b \ 2 < 6f +2 |log6i| c , (2.62) 

Jy<2Bi 

I iM^f+t ^f lAH ^ b? <^ (2 . 63) 

Jy<2B 1 1+2T Jy<2B 1 1 + 2/ |log6i|^ 

,2L+4 

\H L+ H b \ 2 < ttV^- ( 2 ' 64 ) 
(ii) Improved local control: there holds for some universal constant C = C(L) > 0/ 
V0 < k < L + 1, / \H k ^ b \ 2 < M c bl L+6 . (2.65) 

Jv<2M 



Proof of Proposition 12.121 

step 1 Computation of the error. 
We compute from (l2~59l) . (l2~6(l : 



9 s Q b - AQ fc + hAQ b + = + A 2 

yl 
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with 



A x = hAQ + Sf =1 [(b t ) s T t + biHTi + hbiATil + Sf = + 2 [d s S t + HS t + hAS t ] , 

1 



A 2 = ^ [HQ + a b ) - f(Q) - f'(Q)a b ] . 
Let us rearrange the first sum using the definition (|2.23p : 
Ax = hAQ + d s S L+2 + bxASi+2 

+ Sf =1 [(bi) a Ti - ftiT^x + bxbiATi] + Sf+2 1 [d s Si + ftiASi] + E%£hS w 

= [d s S L+2 + hAS L+ 2] + [HS L+2 + d s S L+1 + bxASL+x] 

+ Sf =1 [(ft*), + (2i - 1 + c 6l )6i6i - T< 

+ Sf =1 [ff5 i+ i + 0.5* + 6i6j(ATj - (2* - 1 + cbjTi) + ^AS,] 

where Cftj is given by (|2.38f> . We now treat the time dependence using the anticipated 
approximate modulation equation: 

d s S t = EjLifo).^ 



QG. 

Sj =1 ((6 i ) s + (2j - 1 + c 6l )6i6 j - 6i +1 )^7 - S^ =1 ((2j - 1 + c fel )M; - 6 i+a 



55i 



and thus using (|2.58p : 



A, 



bxAS L+ 2 - Sf =1 ((2z - 1 + c bl )hbi - b l+1 



dS L+2 \ 



+ <^ #S L+2 + 6iA,S L+ i - Sf =1 ((2i - 1 + c&J&i&j - bi+i 



dS L 



+i 



+ sf =1 



fT5 i+ i + 6i6i(ATi - (2» - 1 + c&jTi) + 6 x ASi - S;~ 1 1 ((2j - 1 + c^ftify - 6,- 



+ Sf =1 [(6i) s + (2t - 1 + cfcjbifei - b i+1 ) 
We now expand A 2 using a Taylor expansion: 



T J- v L + 2 



A 2 = \\ £^+ 2 



f U) (Q) 3 l T> 
3=2 —j} — a b + R 2 



with 



a 



L+3 ,1 



(£ + 2)! , (l-r^V^W + TOfcJdr. (2.66) 

We sort the Taylor polynomial using the notation (|1.16p for the 2L + 1 uplet 
J=(ii,..,i L ,j 2 ,...j t+2 )eN 2L+1 : 

and thus: 



^=2 — J "fe 



L+2 



f U) (Q) 



3=2 j\ 



where 



(2.67) 



remember that bi is or order b\ from (|2.57p 
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Ri = Sg^^i HjJ | 2 > i+3 cX=i^^ng5f. (2.68) 
We finally use the definitions (f2~23|) . (f2~39|) . (j2~6T|) to rewrite: 

Ar i -(2z-i+c 6l )r i = e i +(-i) l+1 ^- m s fel - Cbl r 4 = e i +(-i) m ii'- l+1 (s bl - C;)1 T 1 ) 

which together with (I2.60P yields the following expression for the error: 

V b = Xf =1 {-l) i+1 b 1 b i H- i+1 (Z bl - c bl T x ) (2.69) 

+ (hAS L+2 - Sf =1 ((2i - 1 + cbjhbi - b i+l )^^ + \[Ri + R 2 



dh y 



+ { HSl+2 + hAS L+1 + -tqz - Ef =1 ((2i - 1 + ajhbi - b i+1 



y 



P B 9 

HS i+1 + + hASi + - s;- 1 1 ((2j - 1 + qJM, - 6 i+ i)5r 

y J obj 



We now construct iteratively the sequence of profiles (<9i)i<j<L+2 through the scheme: 

" Si = 0, 
5i = -fl* _1 *i, 2<i<L + 2 



(2.70) 



with for 1 < i < L: 



Pi+l v,i-l . - x . , . s dSi 



*<+i = ftiftiGi + 6iASi + - E$"i((2j - 1 + c^fy - bj+i)^, (2.71) 

y J obj 

$ L+2 = 6!A,9 L+1 + ^ - Sf =1 ((2i - 1 + c bl )hbi - 6 i+1 )^|±I. (2.72) 
step 2 Control of ®i,Si. 

We claim by induction on i that <3>j is homogeneous with 

deg($i) = (i-l,i-l,i) for 2<i<L + 2 (2.73) 

and 

<9<I>, 

— - = for 2 < i < j < L + 2. (2.74) 

dbj 

This implies from Lemma 12.61 that Si given by (|2.7U|) is homogeneous and satisfies 

(12351) for 2 < i < L + 2. 

i = 1 : We compute explicitely: 

2y^ 

which satisfies (|2.74p . Recall from (jl.3p that / = yy' is odd and ir periodic so that 
the expansions (|2.2p . (|2.3p yield at the origin: 



f U \Q) _ / ^ = _ iy 2fc+1 + 0(y 2 P+ 3 ) for j even, 

y2 " \ S^ = _ iy 2fc + 0(y 2 *>+ 2 ) for j odd ^ 

and at infinity: 

_ / K=iV- 2k ~ l + 0(y~ 2p - 3 ) for j even, 
y 2 " \ S^ =1 y- 2fe + 0(y- 2 ^ 2 ) for j odd ^ fb) 

From Lemma 12.31 and Lemma 12.71 T\ and Q\ are respectiviely admissible and b\- 
admissible of order (1, 1). In particular, we have the Taylor expansion near the 
origin 

f"{Q) T? = E P =lCfc ^+l + (y 2 ^ 3 ), p > 1 



2y 



2 
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and the bound at infinity 



A" 



f"(Q) , 
2y 2 



l 



<^y 2 |logy| 2 <y 2 - fc - 3 |logy| 2 , k > 



,3+fc 



and hence ^ 2 ^ ^1 * s ^l-admissible of degre (1,1). We conclude that & 2 is homo- 
geneous with 

deg^ 2 ) = (1,1,2). 

i — > i + 1 : We estimate all terms in (|2.71l) , (|2,74p holds by direct inspection. From 
Lemma 12.71 &i6jOj is homogeneous of degree + 1). From Lemma 12.61 b±ASi 

is by induction homogeneous of degree + 1). For j > 2, we have by definition 

and induction that 

dS- 

((2j-l + c 6l )6 1 6,-^ +1 )^ 
is homogeneous of degree (i, i, i + 1). For j = 1, we rewrite this term 



and conclude recalling Remark 12.111 that this term is also homogeneous of degree 
(i, i, i + 1). It thus remains to estimate the nonlinear term in (|2.7ip which from 
(|2,67p is a linear combination of monomials of the form3: 

Mj(y) = J -^Iil =l b^r k mi =2 S{\ \J\ 1= j, \J\ 2 = i + l, 2<j<i + l. 

We conclude using (|2.75l) . (|2.76p that Mj is admissible with at the origin the de- 
velopment: for j = 21, 

Mj{y) = y -V fc ^ (2fe+1)+Jfc(2fe+1) (co + c 2 / + --- + c p ^ + o(^ +1 )) 

= y 2lJl ^-Hc + c 2 y 2 + ■■■ + erf* + o(y 2 ^)) 



y 



2(i+0+l 



(c + c 2 y 2 + --- + c p y 2 P + o(y^ +1 )) 



and for j = 21 + 1: 

Mj (y) = y -V^ (2fe+1)+ ^ (2fe+ ^ 

= y 21 J|2+ ^ 2 (c + c 2 y 2 + ■■■ + c p y 2 ? + o{y 2 ^)) 



y 



2(i+/)+l 



(c + c 2 y 2 + --- + c p y 2 P + o(y 2 P +1 )). 



Now j > 2 ensures / > 1 and hence Mj admits a Taylor expansion (|2.27p at the 
origin with pi = i + 1. For y > 1, the rough bound (|2.32p and (|2.18p imply 

\S,\<b{y 2 ^\ l^l^y^llogyp 
which together with (|2.76p yields the control: 

„ f v 2 \Jh-j-3 — ,.2(i-Z)-l f • _ 0/ > 9 

mav) < nog,i c { » 2M „_ 2 : ^ l Z] : 1+ 1 > 3 < 2 - 77 > 

< y 2i - 3 |logy| c . 

which is compatible with the degree i control at infinity (|2.29p . The control of fur- 
ther derivatives in {y,b\) follows from (|2.32p and Leibniz rule. This concludes the 
proof of (gTZSP . 



^Observe that terms involving k > i + 1 are indeed forbidden in the last product are forbidden 
from the constraint | J|i > 2, \ J\2 = i + 1. 
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step 3 Estimate on the error. 
We compute from f|2.69[) : 

^ 6 = ^[ 0) + ^[ 1) , (2.78) 
*f = £f =1 (-l) i+ Vi#- i+1 E 6l with E 6l = S 6l - c bl T x , (2.79) 



= hAS L+2 - Sii((2t - 1 + c 6l )&!6i - 6i+i)^^ + 4 
Estimates for ^[ 0) : First observe from (p^3|) . (f2~79|) that 



SuppS fel C {y > ^}. (2.81) 



We extract from (j2.42j) the rough bound for k > and ^ < y < 2£?i: 

|F- fc S 6l |<l+y 2fc+1 

and thus 

/ |#- fc E h | a <&r 2fc - 2 |log&l|°, 0<£;<L. 
On the other hand, from (|2.37p and the cancellation HAQ = 0: 

1*^1 ^(iTi) 1 ** (2 ' 82) 

1 ~ ^->iio gtl | (it?) 1b "^ 3B ° for * a 2 ' (2 - 83) 

This leads to the bound: 

/ |tf£ fel | 2 < -i— , / |tf fc 2\| 2 < -^-^ for ft > 2. 

i 2/ <2B 1 |log&i| 7 |log6l| 2 

We thus estimate from (|2.57|) : for < k < L, 

f \H k ^ ] \ 2 < \log bl f^ =1 bl^ k - i+1 ^ < bf^\\o Ebl \ c 

Jy<2B x 

and the sharp logarithmic gain: 
j ]H L^f) ? < Ef =1 6^||^+ 2 -^ &1 ||| 2 < 7 i ^p^=i&? +2 ^? i+1 ~ i+1) ~ 2 

< fef +4 
~ |log6i| 2 ' 

Similarity, using (12^821 . (12331) : 

l±H°gyP|H-L, T ,(0)|2 < V L ,2+2* /" 1 + |lQgy| 2 |rrL _ m ^ 2 

/ 1+..4 1^ *b I ^=1 6 1 / i ,,.4 1^ ^il 

<y<2Bx L + U Jy<2B 1 1 + 2/ 



/ 



< yL ,2+2* / 1 + [logj/l 2 V < ,2L+4 

~ i=1 1 4^ 1 + V' |log6i| 2 (l + y 2 ) ~ 1 ' 

Jy<2B! 1+2/ Jy<2B^ 1 + 2/ 

< y L h 2+2i h 2(L-i) f 1 + llog^l 2 

~ i=11 1 Jy>^¥0T^) 



< 6 2L+4 |log6 1 
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Estimates for : By construction, Sl+2 is homogeneous of degree (L + 2, L + 
2,L + 2) and thus so is AS L+2 - We therefore estimate from (j2~53j) . (l2~5?l) : VO < k < 
L+l, 

A<2B! ^ (i+2_ ^|log6i| 2 |log6i| 2 

and using the rough bound f|2.32[) : 



(l + |logyr) 

y<2B 1 



1 + y 4 1 + y 2 

|2 



< ^ 2L+4 / l+ ^ g t ' ft + y 2 ) 2 ^- 1 -^ < & 2L+4 |iog6i 

Jy<2B! 1 + V 



c 



We now turn to the control of i?i which from (|2,68p is a linear combination of 
terms of the form: 

Mj = f ^^^k=A k Tl k n L k tlS{\ \J\x=j, |J| 2 >^ + 3, 2<j<L + 2. 

At the origin, the homogeneity of Si and the admissibility of Tj ensure the bound 
for y < 1: 

f y2|J| 2 +j-l = 2(|J| 2 +0-l for 7=2/ r_L, on fi 

l^(y)l £ { > 2 +,-2 = ^2(i„ 2+ o-i for / = 2l + 1 Z tf+V™. 

and similarily like for (|2.77p for 1 < y < 2B\: 

in f 7/ 2 l J l2-i-3 _ ,.2(|J| 2 -0-3 f nr _ 07 i n „, „ c 

iM J(y) i < ^iiog^i { ^ 2|J|2 _,_ 2 : ^ (|J|2 _ _ 3 £; j = I + 1 < b^v^\i ogbl 

where we used j > 2, and similarily for higher derivatives. This ensures the control 
at the origin: 

\H k Mj(y)\ < 6f +3 for < k < L + 1, y < 1 

and for y > 1: 

l^^j(y)l < b\ J l2y2(|J| 2 -fc)-5 } o < /t < L + 1 

and thus: VO < fc < L + 1, 



r* 



/j/<2Bi 

< bf^ + bf^loghf /" /(l^| 2 -fc)-i0<6f+6 + 6 2 l^ 2jB 4 (l^ 2 - fc )- 8 |i O g 6l |C 

•/;,- in 

< fe 2 ^ + 6 2 fc+ 4 |log6i| C< 6 2 fc+3> 



Similarily, 

(1 + | logy I 1 



/ 



|F L M/| 2 + |Atf L Mj| 2 



1 + y 4 1 + y 2 

12 



fy<2Bi 

< 6f+ 6 + |log6 1 | c / 6WV(l^)-« 

Jl<y<2B 1 l + V 

< 6 2L + 6 + 6 2|^| 2 ^(|^| 2 -Z,)-12 |log6i| o < 6 2L +6|log6i| C 
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It remains to estimate the R2 term given by (|2.66p . Near the origin y < 1, we have 
by construction \a b \ < &iy 3 and thus for < k < L + 1, y < 1: 

^■(^)U & i + v (L+3) - 2 - 2fc <^ +3 . 

For y > 1, we use the rough bound by construction for 1 < y < 2B\: 

Kl ^ ^iy|logy| c 
which yields the bound for < k < L + 1, 1 < y < 2i?i : 



<&f+ 3 |log&i r 



y 



from which for < k < L + 1 
r k f R 2 \ ,2 



Iff" 



< 6f+ 6 + 6f+ 6 |log6 1 | c / 

Jl<y<2Si 

6 2L+6 for 2L + 2 - 4fc < -1 

2L+6 2-L+4-4fc|i^„^_ |C _ h 2k+L+A 



2L+2-4& 



< 6f +5 |log6 1 | c . 



Similarity, 



/ (1 + I logy I 

Jy<2B! 



1 + 2/- 



y z 1 + y 



logfci 



1 



6f 



-i?2 - 



|log&i| c 



rvj 1 



The collection of above estimates yields (|2.62p , ([2.64p . 

Finally, the local control (|2.65|) is a simple consequence of the support localization 

(|2,8ip and the fact that V&j given by (|2.80p satisfies by construction a bound on 
compact sets: 

Vy<2M<A), V0<fc<L + l, \H k ^\y)\ < M c b[ +3 . 
This concludes the proof of Proposition 12.121 

2.7. Localization of the profile. We now proceed to a simple localization proce- 
dure of the profile Q b to avoid some irrelevant growth in the region y > 2B\ . 

Proposition 2.13 (Localization). Under the assumptions of Proposition [OH, as- 
sume moreover the a priori bound 



\(bi)s\<bj 

Let the localized profile 

Qb( s )(y) = Q(y) + &b{s)(y), &b(y) = zf =l bifi(y) + E^ 2 5 i (y) 

with 

Ti = XB^i, Si = XBxSi- 

Then 

f(Q b ) 



d s Q b - AQ b + hAQ b + 



y 



(2.84) 

(2.85) 
(2.86) 

(2.87) 



^ 6 + Sf =1 [(bi) s + (2* - 1 + c bl )hbi - 6j+i] 



Ti + XB^j=i +1 



dSj 
~db~. 
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where ^ satisfies the bounds: 
(i) Weighted bounds: 



L 



y<2B x 



VI < k < L, J \H k V b \ 2 < bf +2 |log6ir 

1 + |l0gy|2 |^ + /i±^|A^<^ 
J l + y z |log&i 



2L+3 



i + y 4 



\H L+1 i> 



< 



6 2L+4 



(2.88) 
(2.89) 
(2.90) 



|logt»i | 2 ' 

(ii) Improved local control: there holds for some universal constant C = C{L) > 0: 



V0 



<k<L + l, [ \H k ^ b \ 2 <M c b\ L+Q . 

Jy<2M 



(2.91) 



Proof of Proposition \2.13l We compute from localization: 



d s Q b - AQ b + hAQb 



f(Q b 



XB 1 i d s Q b - AQ b + biAQ b + 



f(Q b ) 



+ {dsXB^oib - 2d y XB 1 d y a b - a b AxB 1 + fric^Ax.^ + h(l - XbJM? 



+ 

so that: 
with 



4 {/(<?&) - HQ) - XB 1 (f(Qb) - f(Q))} 



# 6 = XB 1 *6 + *f 



(0) 



\ {f(Qb) - f(Q) - xsAfiQb) - HQ))} 



(2.92) 



+ (d s XB 1 )a b ~ 2d y XB 1 d y a b - a^Ay^ + bia b AxB 1 + h(l - xsJAQ. 



Note that all terms in the above RHS are localized in B\ < y < 2B\ except the last 
one for which Supp((l — xb ± )^Q) C {y > B\}. Hence (|2.65|) implies ([2.91|) . The 
bounds (f2788|) . (l239]l . (l2~90l for XB^b follow verbatim like for the proof of (l2~62l . 
(l2~63D . (1231) . 

To estimate the second error induced by localization in (|2.92p . first observe from 
(I2~84l) the bound: 

.a i <r- I ) s 1 1 / i ^ , -, 

I^XSil ^ b \yXB 1 1 ~ Oil jBl <^<2 J B 1 . 

Moreover, from the admissibilty of Tj and the b\ admissibility of Si, T{ terms dom- 
inate for y ~ B\ in a;,, and we estimate from (|2.18p : V/c > and B\ < y < 2B\, 



dy 



This yields: VI < k < L, 



< Xf =1 b\y 



2i-k-\ 



(1 + |log&i 



< 



[log&ij 

B k+l 



(2.93) 



/ 



H {{dsXB^a-b ~ 2d y XB 1 d y a b - a h AxB 1 + habAxBi, 

2 



< 



'Bi<3/<2Bi 

< 6f +2 |log&i 



6i|log6 



B 



2k+l 
1 



+ 



|log& 



si 



2fc+l+2 



< ^|r|log&i| C 



c 



(2.94) 
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and 



J \H L+l ((dsXB^a-b ~ 2d y XB l d y a b - a b AxB 1 + hab^XB^l' 



< 



B 1 <y<2B 1 



&i|log&i 



B 



2(L+1)+1 
1 



+ 



|log& 



2(L+l)+l+2 



l2L+4 



< J1L 



|logfei| 2 ' 



(2.95) 



We next estimate in brute force: 

d k 



dy 



from which: Vl< k < L + 1: 



k [(l- XBl )AQ] 



I \\H k (h(l - XBl )AQ)\ 2 <blj B 



<y< 



b 2k+2 

2Bl y* k +i ~ \\ogh\u- 



< 



It remains to estimate the nonlinear term for which we estimate using (|2.93p and 
I/'I<1: 



o k 



dy k \y 



1 



[f(Qb)-f(Q)-XB 1 (f(Q b )-f(Q))} 



< 



\logh 



k+1 



and the corresponding terms are estimated like for f|2.94|) . (|2.95p . 



□ 



2.8. Study of the dynamical system for b = (6i 3 ...,6l). The essence of the 
construction of the Q b profile is to generate according to (|2.bip the finite dimensional 
dynamical system (|1.25|) for b = (pi, . . . , bi): 



k ) s + [2k- 1 + 



logs 



b\b k - b k+1 = 0, 1 < k < L, b L+1 = 0. 



(2.96) 



We show in this section that (|2.96|) admits exceptional solutions, and that the 
linearized operator close to these solutions is explicit. 

Lemma 2.14 (Approximate solution for the b system). Let L > 2 and sq 3> 1 be a 

large enough universal constant. Let the sequences 



ci 



2L-1 ' 

Cfc+l = -^TfCfc, l<k<L-l, 



f d t = 

y dk+i 

then the explicit choice 

bt(s) = 



2L 
(2L-1) 2 ' 

■ ~~ 2L-1 k (2L-1) 2 k ' — — ' 

dk 



Ck 



+ 



1< k < L, b e , 



S K s K logs 







(2.97) 
(2.98) 

(2.99) 



generates an approximate solution to (|2.96p in the sense that: 



(b%). + [2k - 1 + 



logs 



b\b\ 



J k+l 



o 



5 fe+l 



(logs) 5 



1 < k < L. (2.100) 



The proof of Lemma 12.141 is an explicit computation which is left to the reader. 
We now claim that this solution corresponds to a codimension (L — 1) exceptional 
manifold: 
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Lemma 2.15 (Linearization). 1. Computation of the linearized system: Let 

U k (s) 



b k (s) = bl(s) + 



s fc (logs)4 
and note U = (U\, . . . , Ul). Then: 

(b k ) s + [2k-l + 



l<k<L, b L+1 = U L+1 = 0, 



(2.101) 



b\b k — bk+i 



1 



s fc+1 (logs)4 



logs 

s(U k ) s - (A L U) k + O 



1 + \u\ + \u\* 



logs 



(2.102) 



where 



A-L = (<H,j)l<i,j,<L with < 



fl n - ~2L=1 

a^i+x = 1, 1 < i < L - 1 

= — (2i — l)cj, 2 < i < L . 

a M = 2L-1 ' 2 < i < L 
ajj = otherwise 



(2.103) 



2. Diagonalization of the linearized matrix: Al is diagonalizable: 

A L = P?D L P L , Dl = ,_£_}. 

Proof of Lemma \2.1HA step 1 Linearization. A simple computation from (|2,99p 



(2.104) 



ensures: 



(b k ) s + ( 2k - 1 
1 



+ 



s fc+i(logs)l 

1 



logs 

s(C/ fc ) s - fc£/ fe + O 



b\b k — b k+ \ 



logs 



+ o 



s fc+1 (logs)4 
and then the relation 



(2k - l)c k U! + (2k - l)aU k - U k+l + O 



s fe+1 (logs) 2 

\U\ + \U\ 2 



logs 



, (2k- l)L 
(2k - l)ci — k = ^ z k 



2L - 1 



L-k 
2L-1 



ensures 



(b k ) s + (2k - 1 + 



logs 



b\b k — 



s fc+1 (logs)4 
which is equivalent to (|2.102p . (I2.103p . 



S (u k ) s + (2k - i) Cfc c/i - ^—^u k - u k+1 + o (-^= + |r 1 + 



2L-1 



Vlogs logs 



step 2 Diagonalization. The proof follows by computing the characteristic poly- 
nomial. The cases L = 2, 3 are done by direct inspection. Let us assume L > 4, we 
compute 

P L (X) = det(A L - Xld) 
by developing on the last row. This yields: 

P L (x) = (-1) L+1 (-1)(2L - 1) C£ + (-X)|(-1) L (-1)(2L - 3)c L _! 



+ 



2L - 1 



X 



(-l) L - 1 (-l)(2L-5)c L _ 2 + 



2L - 1 



X 



:« 



We use the recurrence relation (|2.97p to compute explicitly: 
(-l) L+1 (-l)(2L-l)c L 
+ (_X)|(-l) i (-l)(2L - 3) CL _! + Q^-y - x) [(-l)^i(-l)(2L - 5)c L _ 2 ] } 

+ (2L - 5)c L _ 2 (X 



(-1) L (2L-3)cw I 



1 

2L-3 

We now compute from (|2,97p for 1 < ft < L — 2: 



2L- 1 



X 



(21 1 2ft + I ) )<•!-/, ( A* - 2L _ ( 1 2fc + 1) ) + (2^ - (2* + 3))c L _ (fc+1) X fx - 



(2L - (2ft + 3))c L _ 



(2L- (2fc + 3))c L _ 



(fc+i) 



(fe+i) 



X X 



2L- (2ft + 1) ft + 1 
2L-1) ~ 2L - (2k + 3) 2L - 1 



X 



X 



ft + 1 
2L- 1 



X 



2L- (2ft + 3) 



We therefore obtain inductively: 

P L (X) = (-l) i ((2L-3)c L _, ( X 

-x) 



1 



2L-3 



+ (2L - 5)c L _ 2 X 



1 



+ 



1 



2L- 1 



X 



X 



+ 



-i) L x 



-x) 



2L- 1 



2L- 1 



X 



2L - 1 

(2L - 5)c L _ 2 ( .Y 
2 X 



(-1) 



L-2, 



-1)(2L - 7)c L _ 3 + 



2L- 1 
3 

2L- 1 



2L- (2ft + 1). 

(2.105) 



X 

- X 



1 



2L - 5 



+ (2L - 7)c L _ 3 X X 



1 



2L - 1 



2L - 1 



2L- 1 



X)[(-l) L - 3 (-l)(2L-9) Ci _ 4 



i) L X 



2L- 1 



X 



x ^ 3c 2 X 



+ x X 



L-2 
2L - 1 
1 



2L - 1 



ci +X 



L — 1 
2L - 1 



We use (|2,105p with ft = L — 2 to compute the last polynomial: 



3c 2 ( X - i ) + X ( X 



2L- 1 



ci +X 



L—l 



2L- 1 



3c 2 [X 
Cl fx 
X - 
X 



1 

~ 3 
L — l 



+ ciX X 



2L - 1 



+ X X 



1 



2L- 1 
L — l 



X 



L—l 
2L-1 



2L - 
L — l 
2L - 1 
L — l 



i)<-»+*(-^)(*-^i) 



L 



2L - 1 



(X - 1) + X ( X 



2L - 1 



X 



L 



2L- 1 



(X + l) 



2L - 1 



We have therefore computed: 



Pl{x) 



-1)MX 



2L - 1 



X 



L-2 
2L- 1 



X 



L- 1 
2L- 1 



X 



L 



2L - 1 



(X + l) 



and 1)2,10411 is proved. 



□ 
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3. The trapped regime 

In this section, we introduce the main dynamical tools at the heart of the proof 
of Theorem 11.11 We start with describing the bootstrap regime in which the blow 
up solutions of Theorem 11.11 will be trapped. We then exhibit the Lyapounov type 
control of H k norms which is the heart of our analysis. 

3.1. Modulation. We describe in this section the set of initial data leading to the 
blow up scenario of Theorem 11.11 Let a smooth 1-corotational initial data 

g(u (r)) cos 6 

v(0,x)= g(u (r))sm6 with || Vu - VQ|| L 2 < 1, (3.1) 
z(u (r)) 

and let v(t, x) be the corresponding smooth solution to (jl.ip with life time < T < 
+oo. From Lemma lA.l[ we may decompose on a small time interval 

g(u(t, r)) cos 6 

v(t,x)= g(u(t,r))sm9 (3.2) 
z(u(t,r)) 

where 

e(t,r) = u(t,r) - Q(r) satisfies (3.3) 
Moreover from standard argument: 

T < +oo implies \\Av(t)\\ L 2 -)• +oo as t ->■ T. (3.4) 

We now modulate the solution and introduce from standard argument^ using the 
initial smallness (|3.ip the unique decomposition of the flow defined on a small time 
t€ [0,ti] : 

u(t,r) = (Q m +£(t,r)) xit) , A(i) >0, b = (b x , . . . , b L ) (3.5) 
where e(t) satisfies the L + 1 orthogonality conditions: 

{e,H k <S> M ) = 0, 0<k<L (3.6) 

and the smallness 

||Ve(t)|| i2 + ||^|| i2 + |6(t)|«l. 

y 

Here given M > large enough, we defined 

$ M = ^ =0 c pM H p ( X mAQ) (3.7) 

where 

c ,M = l, c kM = (-!) + (xmA q, AQ) • 

is manufactured to ensure the nondegeneracy 

(*Ar, AQ) = (XA^AQ, AQ) = 41ogM(l + o(l)) as M — > +oo (3.8) 
and the cancellation: VI < k < L, 

^M,T k ) = Z k p zlc pM (H p (XMAQ),T k ) +c kM (-l) k (XMAQ,AQ) = 0. (3.9) 
In particular, 

(H l T j ,^ M ) = (-iy( X MAQ,AQ)5 i j, 0<i,j<L. (3.10) 
Observe also by induction 

VI < p < L, \c pM \ < M 2 p (3.11) 



^^see for example [21] . [28] . |36| for a further introduction to modulation. 
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from which: 

f \$m\ 2 < j \XM AQ| 2 + Zi=i4 >M j |iF( XM AQ)| 2 < logM. (3.12) 

The existence of the decomposition (|3.5[) is a standard consequence of the implicit 
function theorem and the explicit relations 

d ~ d ~ d ~ \ 

-Q^{Qb)x, -g^{Qb)\, -g^{Qb)\ J U=i,6=o = (AQ,Ti, . . . ,T L ) 
which using (|3.9p imply the non degeneracy of the Jacobian: 

° A ' ' =( XA /AQ,AQ) i+1 /0. 

A=l,f>=0 



—-—(Q b ) x ,W^ M 
°{ A i°j) / l<j<L,0<i<L 



The decomposition (|3,5p exists as long as t < T and e(t, r) remains small in the 
energy topology. Observe also from (|3.3p . (|3.5|) and the explicit structure of Qb 
that e satisfies (|A.4p . and in particular Lemma [B . 5 1 applies . In other words, we may 
measure the regularity of the map through the following coercive norms of e: the 
energy norm 

r \ £ \2 

d y £ ? + / ( 3 - 13 ) 



and higher order Sobolev norms adapated to the linearized operator 

£ 2k =[\H k e\ 2 , l<k<L+l. (3.14) 



3.2. Setting up the bootstrap. We now choose our set of initial data in a more 
restricted way. More precisely, pick a large enough time so > 1 and rewrite the 
decomposition ([3.50 : 

u(t, r) = (Q 6(s) + e)(s, y) (3.15) 
where we introduced the renormalized variables: 

r /"* cLt 

y = wr s{t) = S0+ J W) (3 ' 16) 

and now measure time in s which will be proved to be a global time. We introduce 
a decomposition f|2. 10ip : 

b k = b% + Uk 5 , l<k<L, b k+1 = U k+1 = 0. (3.17) 
s k (logs)i 

and consider the variable 

V = P L U (3.18) 
where Pl refers to the diagonalization (|2.104p of Al- We assume that initially: 

l^i (0)| < 1, (V 2 (0), VL(0)) € Bl- X {2). (3.19) 
We also assume the explicit initial smallness of the data: 

e(0)f 



|Ve(0)| 2 + 



< &i(0), (3.20) 



y 

|^.(0)| < [6i(0)] 10L+4 , l<k<L + l. (3.21) 
Note also that up to a fixed rescaling, we may always assume: 

A(0) = 1. (3.22) 

We then claim the following: 
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Proposition 3.1 (Bootstrap). There exists 

(F 2 (0),...,Vt(0)) €Bi-i(2) 
such that the following bounds hold: for all s > So, 
• Control of the radiation: 



I |V£(S)|2 + / 



s(s) 



y 



2 



< 10(6i(0))4, (3.23) 



\£ 2 k(s)\ < bf (^log^s)]* 1 < k < L, (3.24) 

b 2L+2 (s) 

\£ 2 L+2(s)\<K * \> (3.25) 
\logbi(s)\ z 

• Control of the unstable modes: 

\Vt(s)\<2, (V 2 (s),...,V L (s)) €fli_i(2). (3.26) 

Remark 3.2. Note that the bounds (|3.24p easily impljO the control of the H 2 
norm of the full map (|3.2p 



y \Av(s)\ 2 < C(s) < +oo, s < s* 



and therefore the blow up criterion (13. 4|) ensures that the map is well defined on 

[8,8*). 

Equivalently, given (e(0),F(0)) as above, we introduce the time 

s* = s*(e(0),V(0)) 

= sup{s > s such that P^HD . P^4l . (J22SI), (p^D hold on [s , s]}. 

Observe that the continuity of the flow and the initial smallness (|3,20p , (|3.2ip ensure 
that s* > 0. We then assume by contradiction: 

V(V r 2 (0),...,Vb(0))€BL-i(2), s*<+oo, (3.27) 

and look for a contradiction. Our main claim is that the a priori control of the un- 
stable modes (|3,26p is enough to improve the bounds (|3.23p . (|3,24p . (|3,25p . and then 
the claim follows from the (L — 1) codimensional instability ([2. 104[) of the system 
(|2.96p near the exceptional solution b e through a standard topological argument a 
la Brouwer. 

The rest of this section is devoted to the derivation of the key Lemmas for the 
proof of Proposition 13 . 1 1 which is completed in section I3~T1 We will make a systematic 
implicit use of the interpolation bounds of Lemma IC . 1 1 which are a consequence of 
the coercivity of the £ 2 k+2 energy given by Lemma IB. 51 

3.3. Equation for the radiation. Recall the decomposition of the flow: 

u(t, r) = (Q 6(t) + e)(s, y) = (Q + a b (t))\( s ) + w{t, r). 

We use the rescaling formulas 

u(t,r) = v(s,y), y=-^-y, d t u = j^(d s v - ^-Av) x 

to derive the equation for e in renormalized variables: 

d s e - ^Ae + He = F - Mod = T. (3.28) 
A 



li 



see |37j for the full computation. 
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Here H is the linearized operator given by (|2.8D . Mod{t) is given by 

Mod(t) = -(y + MAQb (3.29) 



+ Sf =1 [(bi) a + (2i - 1 + c 6l )6i6i - 

and 



L+2 ^Sj 



-4+1 



F = -qf b + L(e)-N(e) (3.30) 

where L is the linear operator corresponding to the error in the linearized operator 
from Q to Qb\ 

m = (3.3i) 

y 

and the remainder term is the purely nonlinear term: 

_ feHfrjfj, (M2) 

We also need to write the flow (|3.28|) in original variables. For this, let the rescaled 
operators 

A x = -d r + ^, A* x = d r + ±±^ 

H X = A* X A X = -A + ^, H X = A X A* X = -A + ^, (3.33) 
and the renormalized function 

w{t,r) = e(s,y), 

then (|3,28p becomes: 

d t w + H x w = ^F x . (3.34) 
Observe from (|2.99|) that for s < s*, 

\b k \<bl 0<6i<l (3.35) 
and hence the a priori bound ([2.57P holds. 

3.4. Modulation equations. Let us now compute the modulation equations for 
(6, A) as a consequence of the choice of orthogonality conditions (|3.6p . 

Lemma 3.3 (Modulation equations). There holds the bound on the modulation 
parameters : 



+ E£l\(h)s + (2k - 1 + c bl )hb k - b k+1 \ < (3.36) 



\(b L)s + QL-1 + c bl )b M < + y^j) • (3.37) 

Remark 3.4. Note that this implies in the bootstrap the rough bound: 

|(6i) 8 |<26?. (3.38) 

and in particular (|2.84p holds. 
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Proof of Lemma \3. 3\ step 1 Law for bi. Let 



D(t) 



+ ^k=l\(h)s + (2k-l + c bl )hb k - b k+1 \. 



(3.39) 



We take the inner product of (|3.28p with H l <&m an d obtain using the orthogonality 



(Mod(t),H L <f> M ) 



-(V b ,H L <S> M )-(H L e,H<i> M ) 
-^Ae-L{e)+N(e),H L <S> M 



(3.40) 



We first compute from the construction of the profile, (|3.29p . the localization Supp(<I>jv/) C 
[0,2M] from ([32D and the identities fl32]), 1^9^, (13TTU]) : 



H L Mod(i) ),$ M 



+ y ) (/7 L A()/,<I>w 



+ Sf =1 [{bi) a + (2i - 1 + cbjbi&j - fet+i] I T< + x Bl S^ +1 -^-, 
= (-l) L (AQ, <S> M )((b L )s + (2L - 1 + c bl )hb L ) + O (M%|D(i)|) . 
The linear term in (EOOj) is estimated^ from (f372¥|) . (f3~T2]l 



|(tf L £ ,tf$ A/ )| < ||i7 L+1 e|| L 2 V / loiM= v / logAf£: 2L+2 



and the remaining nonlinear term is estimated using the Hardy bounds of Appendix 
A: 

As 
A 



-A£ + L(e) + N(e),H L $ M 



<M c bi{^f£^r 2 + \D{i)\). 



We inject these estimates into (|3.4U|) and conclude from (|3.8p and the local estimate 



\(b L ) s + (2L - 1 + c bl )hb L \ 



VlogMW +M%|Z)(t)|+M c^ + 



logM 



< _J_ 



lL+1 



v/^I^ + ^^j +M c b l \D{t)\. 



(3.41) 



step 2 Degeneracy of the law for A and (&fc)i<fc<L-i- We now take the inner 
product of (pT28|) with H k $ M , < k < L - 1 and obtain: 



(Mod(t),H k $ M ) 



-^ b ,H^ M )-(H k+1 e,H^ M 



As 

A 



Ae-L(e) + 7V(e),fl" fc $ 



(3.42) 



Note first that the choice of orthogonality conditions (J376J) gets rid of the linear term 
in e: 



V0<Jfe<L-l, (F fc+1 e,$ 



0. 



Observe that we do not use the interpolated bounds of Lemma [C. II but directly the definition 
(|3.14|) of £2L+2, and hence the dependence of the constant in M is explicit, and this will be crucial 
for the analysis. 
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Next, we compute from (|3.29p . the localization Supp(<I>j\,f ) C [0, 2M] from (|3.7p and 
the identities (|3Tg]) . (^9|) . (I3~TUD : 



(V (Mod(t)) , $ M ) = " ( & + y) (H k AQ b , * M 
Ef =1 [(60, + (2i - 1 + oj&x&i - + XBi £^+ 2 +1 |^,# fc <I> M ^ 



(AQ,<M<! , \\ fc 



x +&i) for k = 



{-lf{{b k ) s + {2k-l + c bl )b 1 b k -b k+1 ) for l<k<L-l 
+ 0(M%|L>(t)|) . 
Nonlinear terms are easily estimated using the Hardy bounds: 

< M%(V^+|fl(i < b^ +l +hM c \D(t)\. 



-^Ae + L(e)+N(£),H k $M\ 



Injecting this bound into (|3.42p together with the local bound (|2.9ip yields the first 
bound: 

D(t) < (3.43) 
and ()3.36p is proved. Injecting this bound into ()3.4ip yields (I3.37p . □ 

3.5. Improved modulation equation fo b^. Observe that (|3.37p . (|3.25p yield 
the pointwise bound 



1 / , h L+i \ 

VlogM y |log&i| J 



uL+l 

< J?l 



logfei 



which is worse than (|3.36p and critical to close ()3.26p . We claim that a |log&i| is 
easily gained up to an oscillation in time. 



Lemma 3.5 (Improved control of bi). Let B$ = Bq and 



then 



S 1 = 6l + hia^M, (3 .44) 
4o|logoi| 



\h-b L \<b^ (3.45) 



and bi satisfies the pointwise differential equation: 

C(M) 



\{b L ) s + {2L-l + c bl )b 1 b L \ < 



V &2L+2 + TT- 



6f +1 



log&i 



(3.46) 



Proof of Lemma 13.51 We commute (|3.28p with H L and take the scalar product with 
Xb s AQ for some small enough universal constant < S <C 1. This yields: 

j- g {(H L e,x B ^Q)} ~ (H L e,AQd s ( XB s)) 

- -(H L+1 e,x B *AQ) + ^(H L Ae, X B s AQ) + (F ~ Mod, H l X b 5 AQ). 
The linear term is estimated by Cauchy Schwarz: 

\(H L+1 e,x B sAQ)\ < C(M)y^gbV\^£^~ 2 . 
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We similarity estimate using (13.361) : 



{H L e,AQd B (xB*))\ + 



A 
A 



S I TjL 



H l Ke, X bAQ) 



< 



C(M) 



\(h) s \ 1 



h | h cs + y^C(MWS 2L+2 < y / \^gb 1 \V£2L+2- 



The estimate on the error terms easily follows from the Hardy bounds: 
\(L(e),H L XBS AQ)\ + (N(e),H l XbS AQ)\ < ^C(M)^£^< ^bg^TW 

We further estimate from (I2.9ip : 

lL+3 



\(H L s,y b )\ < -^ r c(M) v / w < V\bgh\Ve^. 



We now compute from (|3,36p . (|3,29p : 



-(Mod,H L XBs AQ) = I -ip- 



+ [(b L ) s + (2L - 1 + c h )bib L ] ( H L f L + ^+ 2 L+l H L 



XB 1 



9b L 



-1)^ [(6 L ) S + (2L - 1 + c 6l )6ibi] (AQ, xb s AQ) + O [b[ 



l-CS 



,Xb s AQ 
+ 



bf 5 



(-1) L [(b L ) a + (2L - 1 + cftjfriftx] 45|log6i | + Of ^bg^y^^ + ftf 



The collection of above bounds yields the preliminary estimate: 



^ {(# L e,XB*AQ)} + (_!)£ [(6l)s + (2L - 1 + qJ)^] 4<5|log6 1 | 



< C(M) Vpogbi 



V <?2L+2 + 



|log6i 

We estimate in brute force from (j3.44p : 

l^-6L|<|log6i| C 6f +1 - c5 <fe^ 
and we therefore rewrite (|3.47p using (|3,38p : 
|(6 L ) s + (2L-l + c fel )6 1 6 L | 

|(ff L e,XB 4 AQ)| 



(3.47) 



< 



d r i 

\4<51og6i 



C(M)^loi^ 



|log&i 



/? + % 



L+l 



logfei 



C(M) 



lL+1 



and ()3.46p is proved. 



□ 
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3.6. The Lyapounov monotonicity. We now turn to the core of the argument 
which is the derivation of a suitable Lyapounov functional for the £21+2 energy. 

Proposition 3.6 (Lyapounov monotonicity). There holds: 



< C 



d_ J 1 

Jt [^+2 



S2L+2 +0\b? 



4 ^2L+2 



|log&i 



A 4L+4 



£2L + 2 b\ L+2 , &f +1 V / W 



V^ogM |logbi| 



|log6i 



(3.48) 



for some universal constant C > independent of M and of the bootstrap constant 
K in (|3~23|) . (ET24D . 

Proof of Proposition \3.6l step 1 Suitable derivatives. We define the derivatives of 
w associated with the linearized Hamiltonian H x : 



w% = A x w, w k+ i 
and its renormalized version 

si = Ae, £f.+i = 
We compute from (|3.34p : 



A* x Wk for k odd 
A\Wk for k even 

A*e k for k odd 
Aeh for k even 



, 1 < k < 2L + 1 



, 1 < k< 2L + 1. 



d t w 2L + H x w 2L = [8 t , H^]w + fff ( T x 

d t w 2 L+i + H X W2L+1 = ^W2L + A x ([d t ,H^]w) + A X H^ (J^Fx) 
We recall the action of time derivatives on rescaling: 



d t v x = (d s v - y 



(3.49) 
(3.50) 

(3.51) 



step 2 Modified energy identity. We compute the energy identity on ([3.50P using 
(I33T|) : 



1 d c 1 d 1 1 



(H x w 2 L+i) 2 + h 



~2X^ W2L+1 



(AVQa 

2A¥ %+1 



+ / H X W 2 L+1 



d t Z x 



w 2L + A x ([d t , H{]w) + A X H^ ( -^F; 



We further compute from (|3,49p . (|3,50p : 



d f fbi(KZ) 



dt 



x 



Xh 



-W2L+IW2L 



d fh(AZ) x 



dt 



Xh 



W2L+1W2L 



(3.52) 



+ 



+ 



/ 



ftl(AZ); 

X 2 r 
&i(AZ ) 
A 2 r 



1 



-#A^2L+1 + ^™2L + A ([ft, + A X H^ ( j^F X 



X 



-W2L+1 



-A* x w 2L+1 + [d t ,H^}w + H^[^T x 
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We now integrate by parts to compute using (|2.4I) : 



h(AZ) x 61 /"AZ 



A 2 7 



A 4L+4 



61 /* 2(1 + Z)AZ - A 2 Z 2 

e 2L+l 



A 4L+4 



y 



£2L+lA*S2L+l 

AV , 



2y 2 



A 4L+4 y 2 y 



(A£)A 2 
2A 2 r 2 W 2L+l- 



Injecting this into the energy identity (|3.52|) yields the modified energy identity: 



Id j f fr(AZ) 



W2L+1U>2l| = - y {H\W 2 L 

, h \ f (AVQa 2 , /" d f&i(AZ) A 



(it V A 2 ? 



W2L+IW2L 



+ / H X W 2 L+1 



d t Z > 



. h(AZ) x 
+ I — — W2L 



+ 



A 2 7 

61 (AZ) 



-^2L + A a ([ft, #A>) + ^A^A L (^aJ 
-#A^2L+1 + ^w 2L + A x ([d t , H^w) + A X H^ (^F X 



A 



A 2 7 



-W2L+1 



[d u H^ W + H^[^F x 



(3.53) 



We now aim at estimating all terms in the RHS of (|3.53p . All along the proof, we 
shall make an implicit use of the coercitivity estimates of Lemma IB. 21 and Lemma 

step 3 Lower order quadratic terms. We treat the lower order quadratic terms 
in (|3.53p using dissipation. Indeed, we have from (|2.5p . (|2.6p . (|3.38p the bounds: 



|ftZ A | + \d t V x \ < ^ (|AZ| + \AV\) X < ^y^- 4 - 



(3.54) 



We moreover claim the bound: 



(3.55) 



which is proved in Appendix [Ej We conclude from Cauchy Schwartz, the rough 
bound (|3.38p and Lemma IC.ll 



/ 



H X W 2 L+1 



d t Z x 



W2L+ / A x {[d t ,Hj;] w ) 



+ / \H\W 2 L+l\ 



b(AZ); 



A 2 r 



-W2L 



< £ / |F A ^2L+l| 2 + 



-2L 



1 + 2/ 



+ C(M)£ 2L+ 2 



< \ f\H x w 2L+l \ 2 + J^CMb&L+z. 
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All other quadratic terms are lower order by a factor 61 using again (|3.38p . f|3.55j) . 
(|3.36p and Lemma |C.1[ 



1 + h 



2AV W2i+1 



+ 



h(AZ) x 



W 2 L 



d t Z x 



+ 



6l (AZ); 



A 2 7 



w 2L+1 [d t , H x ]w 



+ 



A 2 r 
d {h(AZ) x 



w 2L + A x ([d t ,H^}w) 



dt \ A 2 r 



W2L+1W2L 



^4L+4 



C 2L+1 

1 + y 4 



+ 



-2L 



+ C{M)£ 2L+2 



We similarily estimate the boundary term in time using (IC.lOj) : 



61 (AZ) 



a 



-W 2L+ lW 2L 



< x 



r 2 

L 2L+l 

1 + 2/2 



+ 



'2L 



1 + y 4 



We inject these estimates into f|3.53[) to derive the preliminary bound: 



ld_ f 1 

2di\W+ 2 



S2L+2 + 0\¥{ 



6 2LH 



|log6| 2 



< -| / {H x w 2L+l f 



(3.56) 



+ / H x w 2L+l A x H^ 



1 

A 2 ' 



A 2 



6i(AZ) a , ,* f &i(AZ) A 

1U 2 £+1 + ( — W 2L 



A 2 7 



A 2 7 



+ 



,\4L+4 



2L+2 



with constants independent of M for \b\ < b*(M) small enough. 
We now estimate all terms in the RHS of (|3,56p . 

step 4 Further use of dissipation. Let us introduce the decomposition from 
(I3~28D . (I3~30D : 

Jc- = J- + jr l5 T = -y b -Mod(t), F\ = L(e) — N{e). (3.57) 
The first term in the RHS of (|3.56p is estimated after an integration by parts: 



< 
< 



c 



A*e 2L+l \\ L 2\\H L+1 T \\ L 2 + - / |^ A ^2L+i| z + 



^4L+4 

c 

_\4L+4 



C 



,\4L+4 



|AH" L Ji| 2 



1 



|^ l+1 J ||l2V / ^I^+ ||Aff £ Ji||^J + - / \H x w 2L+1 \ 2 (3.58) 



for some universal constant C > independent of M. 

The last two terms in (|3.56p can be estimated in brute force from Cauchy Schwarz: 



11 X I ^2"^ 



h(AZ) 



x 



A 2 7 



-W 2 L+1 



< _A_ 

~ ^4L+4 



j L +Jggy | 2 | Er L x-,2 

1 + i/ 4 



F 2 

fc 2L+l 



7/ 2 (i + |iogy| 2 ) y 

1 

(3.59) 
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where constants are independent of M thanks to the estimate (jB.2[) for £ 2 L+i- 
Similarily: 



H{ ( y 2 ?x ) A\ 



* (hx{KZ): 



X 2 r 



■W 2 L 



(3.60) 



< _A_ 



1+ ' l0g f|^p N3 

i + y 2 



'2L 



(l + y 4 )(l + |logy| 



< 

~ \4L+4 



2L+2 



1 + I logy | , , rrL -r l2 , I , . rrL r l2 



i + r 



(AH^Jbl 2 + / |Aff L .F 



We now claim the bounds: 



/ 



f l + \logy\ 2 L 2 ^ b 2L + 2 £ 2L+2 

7 i + y 4 liogfeil 2 logM 

,2L+2 



1+ logy 2 , x 2 
— — — 2— \AH Jb £ <K« ) 



n^7F + 2L+2 



/ 



^ L+1 ^o| 2 < 6? 



6? L+2 £ 2 L +2 



|log&i| 2 logM 



bi L+2 , £ 2L+ 2 



+ 



(3.61) 
(3.62) 
(3.63) 
(3.64) 



|log6i | 2 logM 

with all < constants independent of M for |6| < a*(M) small enough, and where 

5{a*) ^0 as a*{M) 0. 

Injecting these bounds together with (|3.58p . (|3.59p . (|3.60p into (|3.56p concludes the 
proof of (|5^g]> . We now turn to the proof of (l3~6T]l . (l3~62l) . (137631) . (137641) . 

step 5 terms. The contribution of ^ terms to (|3.6ip . f|3.62|) . (|3.63p is esti- 
mated from (|2,89|) , (|2.9U|) which are at the heart of the construction of Qb and yield 
the desired bounds. 



step 6 Mod(t) terms. Recall ([3729]) : 



Modify 



y +h j \Qi, 



+ Sf =1 [(6j) a + (2t - 1 + CbJMi - 



L+2 ^jj 



and the notation (I3.39p . 

Proof of (|3.63p /or Mod: We recall that < and estimate from Lemma [278 



^L+ 2 
J i= 2 



|U" L+1 AS,-| 2 



< 6 2 



y<2Bi 



l + |logy|°)y 



CY,,2i-l 



1 + y 2L + 2 



fefllog&xl 2 



We then use the cancellation H L+1 Ti = for 1 < i < L to estimate: 



Ef =1 / lif^fil 2 < Sf =1 





y2i -l 


/ 


y2L + 2 



<bl 

rv 1 
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Then using Lemma [2.81 agairFl: for 1 < i < L 

2 



^L+2 



H 



L+l 



XB 1 



~db~ 



,2(L+2-i) 

< s5i l l1 ^ (j '~ <) + 1 ^ 2 



< hi. 



We thus obtain from Lemma 13.31 the expected bound: 
\H L+1 Mo7\ 2 <b\\D{t)\ 2 <b\ 



£2L + 2 + hf+ 2 



|logM| |logfei| 2 

Proof of (|3.6ip for Mod: We use Lemma 12.81 to derive the rough bound: 
f l + |logj/| 2 L ^ 2 L /• 1 + |logy| 2 L - 2 L+2 /• 1 + \logy\ 2 L 



Jy<2B L 1 



1 + | logy | 



c 



+ y 4 



,2i-l 



l + y 2L 



+ Sf+ 1 6f|log6 1 | 3 



+ K 
< i 



2L+4 



l + I logy I s 

y<2 Bl 1 + y 4 



! + y 2(L+2)-l 



1 + y 



2L 



Next: 



,l 1 + |logy| 2 L ^ 2 < s l 



J 3=l" 



1 + y 4 



3=1 



1 + I logj/ 1 
y<2 Bl 1 + y 4 



„2i-l 



1 + y 



2L 



<1, 



and finally using Lemma [2.81 again: for 1 < « < L, 



L+2 /• 1 + |logy|- 



j=i+l 



i + y 4 



~db~ 



< ^+ 1 +1 ^^|log6 1 | 2 + 6^ +4 / 



i + |logyp 

y<2Bi 1 + y 4 



1 + y 2 ^+ 2 ) 



-1 



1 + y 



2L 



< 1. 



We thus obtain from Lemma 13.31 the expected bound: 

1 + |1 ° gyl V L M^| 2 <I^W| 2 < ^ > bfL+2 



+ 



1 + y 4 ~' ~ |logM| |log&i| 2 ' 

Proof of ()3.62p /or Mod: We use Lemma 12.81 to estimate: 



|Aff L AQ b | 2 



< E 



1 + |logy| 2 

i + y 2 

L /" l + liogyl 2 ,^ A +|2 , ^L+2 /" l + |lQgy| 2 | ,„ £ 



i=l 



1 + y 2 



|^6,AT^ + Ef = + 2 



i + y 2 



-\AH^ASi 



< y L h 2i ( — 

Jy<2 Bl 1 



1 + |logyp 



y 



2i-l 



+ 6 2L+4 
< 6 2 

1 



j/<2Si J- -r r 

i + |iogy| : 

B 1 <y<2B 1 1 + y 2 



l + y 2L 

X + y 2(i+2)-l 



+ S^6f|log6i| 

2 



1 + y 2L +! 



-^this is where we used the logarithmic gain (|2.54p induced by (|2.24p . 
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Next using the cancellation AH L Ti = 0, 1 < i < L, and 



Et, 1 + ll0g f \AH L f i \ 2 <Ef =1 



B 1 <y<2B 1 



1 + | logy | c 

i + y 2 



„2i-l 



2L 



^ &i|log6i 



and finally using Lemma [2.81 again: for 1 < i < L, 



l+2 f 1 + \ l °gy\ 



^j=i+i 



i + y 2 



AH 1 



dSj 
~db~ 



y<2B, 



1 + |logj/| 2 

i + y 2 



1 + y 2(L+2)-l 



1 + y 2L +! 



< bl. 

We thus obtain from Lemma 13.31 the desired bound: 

i + y 2 



AH^Modl 2 < V6i|D(t)r < 6{a*) 



£21+2 + 



b\ L+2 
|log6i| 2 



step 7 Nonlinear term N(e). Control near the origin y < 1: We rewrite from 
(|3.32|) and a Taylor Lagrange formula 

N(e) = zN (e), z = y(~) , N (e) = - f\l- r)f"(Q b + re)dr. (3.65) 

First observe from (|C.2j) and the Taylor expansion at the origin of Tj given by (|2.39p 
that 

1 



2/ 



E t { ^CiT L+1 -i + r e = £f =0 c^ +i + r 



L ~ „.2i+l 



with from (CUD, dCl4)l : 



|£i| <C(M)£ 2L+2 , 



\d k y fe\ < y 2i + 1 ~ fc |logy|C(M)<?2L+2, < * < 2L + 1. 



(3.66) 



(3.67) 



We now let r G [0, 1] and 

and obtain from Proposition 12.121 and (|C.2p the Taylor expansion at the origin: 



w T = Sf =0 c^ 2i+1 + f, 



(3.68) 



with 



N<1, \d k y r £ \ <y 2L+1 ~ fc |logy|, 0<fc<2L + l. (3.69) 
Recall that / E C°° with f 2k (0) = 0, fc > 0. We therefore obtain a Taylor expansion 



f"(v T ) = SfJi 1 



/(2i+l)(Q) 



27-1 V 



2L+2 



(l-af L+x f^ L+A \av T )da 



i\ T (2L + 1)! 
which together with (|3.68p ensures an expansion: 

N Q (e) = ^ =0 d iV 2l + h, 

\h\<i, , \d k h\<y 2L - k \logy\ 0<k<2L + i. 

Combining this with (|3.66p ensures the expansion: 

N(e) = zN (e) = Zf =0 ~c t y 2i+1 + ~f E 
with 

\l\ < C(M)£ 2L+2 , \d*h\ < y 2L+1 - k \logy\C(M)£ 2L+2 , < k < 2L + 1. 



(3.70) 



2 L+2, |<Vel ~ 
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Observe that this implies from direct check the bound: 



dl,f, 



\A k ~f £ \ < S^o44 < C(M) W^ =0 



I logy | y 



2L+l-i 



y 

< y 2L+1 - k \logy\C(M)£ 2L+2 , < k < 2L + 1 



y 



(3.71) 



We now compute using a simple induction based on the expansions (I2.5p . (I2.6P and 
the cancellation A(y) = 0(y 2 ) that for y < 1: 

-4 2fc+2 (Sf =0 5 4 y 2i+1 ) = ^ k+lCi , 2k+2 y^-^ + 0(y^ L - k ^) 
We conclude from ([3.7Up : 

WA^N&W^^ < C{M)£ 2L+2 , < k < 2L + 1 (3.72) 
and thus in particular the control near the origin: 
l + |logy| 2 

-\n iv\t.)\ T 

'y<l 

Control for y > 1: We give the detailed proof of (I3.64p . The proof of (|3.6ip follows 
the exact same lines -with in fact more room- and is left to the reader. Let 

fi 



\H L N(e)\ 2 + [ \AH L M(e)\ 2 < C(M) (£ 2L+2 ) 2 < b 2 b\ L+2 . 

Jv<l 



C = - 
y 



(1 - T)f"(Q b + Te)dT so that N{e) = C Ni- 



We first estimate from (fUT4)) : for (i, j) € N x N with l<i + j<2L + l, 



y J - 



< s 



L°°(y>l) 



k=0 



\\ogh 



d k e 



y 



,j+i—k 



(3.73) 



(3.74) 



L°°(y>l) 



b[ J>2L - 1 for l<i+j <2L-1, 
b\ L+l for i + j = 2L, 
b\ L+2 for i + j = 2L + 1. 



Similarily from (fCH2|) : for (i, j) G N x N* with 2 < i + j < 2L + 2, 



1 + [logy] 
'„>i i + y 2 ^- 2 



■|9;ci 2 < 4=o 



1 + I logy I 



C 



\d k e\ 2 



< 



|log&i| C 



'1 



for 2 < i + j < 2L 



b^ +1 for i + j = 2L + 1 
6 2i+2 for t + j = 2L + 2. 



Moreover, from the energy bound (|3.23l) : 

/ ICI 2 <1- 

We now claim the pointwise bound for y > 1: 

Vl<fc<2L+l, |aJJVi(e)| < \loghf 

with 



1 tk. 



2L 



for 1< k < 2L - 1 



"'2L-1 

2L + 1 for k = 2L, 
2L + 2 for yfc = 2L + l 



(3.75) 



(3.76) 



(3.77) 



(3.78) 
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which is proved below. For k = 0, we simply need the obvious bound: 



L°°(y>l) 



< 1. 



(3.79) 



We then estimate in brute force from (|3.73|) . (|3.77p . (|3.79|l : 



\AH^N(e)\ < ^ =0 



1 



< ^2L+1 IdyC I ^2L+1 ^ y fc-l| oi^Mi ft |C 
~ ^=0 y 2L+l-k + 2j fc=l ^L+l-Jfe^ol ^ N l0 g° 

fc/-2| 101X21 
^Y^ + llOgfoll ^i=0 y2 L+2-» + 

\d k t 2 \ 

^=0 ,,2L+l-fc "I" Zj fe=l ^=0°! ,,2L+l-fc 



L2/' 



k—i+1 



k — i 
2 



i/-2| 



°-k-i \f)' l C 



y^-j.-„ ■ y2L+2-i 1 l^b" 1 ! "fc=l "i=0"l y2L+l-k 



|log6i| c 



i/-2| 



and hence: 



!/>l 



|^7V(e)| 2 < \logb 1 \ c El L + 1 ^ =0 



|a*CI 2 l^-*CI 5 



y >i y 



AL+2-2H 



I^CI 2 I^CI 2 



!/>l 2/ 



4L+2-2fc 



We now claim the bounds 



v 2L+l v fc 



s/>i y 



4L+2-2A: ~ l lo g l I "l "l 



linn-/, |Cv2i+lvfc-lv« j/ 1 *- 

|log6i| h k=1 h i=Q l, j=0 b 1 



Mci 2 i4 _i ci 2 

j/>i y 



,4L+2-2fc 



< iiogftii^br^ 



Cl<5(^)i 1 2L+3 



(3.80) 
(3.81) 



for some S(L) > 0, and this concludes the proof of ([3.64p for N(e). 
Proof of (|3.77p : We first extract from Proposition 12.121 the rough bound: 



\d k v Q b \ < |logbi 



_± 1 ^2L+2 h i 2i-\-k-\ 



|log6i| c 



< 

~ „fc+i 



(3.82) 



Let then r € [0, 1] and v T = Q b + re, we conclude from (l3T82|) . (fC7l4|) . ([3TT8]) : 



\C 



If 



, 1 < k < 2L + 1, y > 1. 



(3.83) 



We therefore estimate iVi through the formula (|3.73p using the rough bound \d l v f\ 
1 and the Faa di Bruno formula: for 1 < k < 2L + 1, 



< 



|^iVa( £ ) 



< 



S 



mi+2m2H hkmi e =k 



< I logfoi I Smi+2m 2 H Vkra k =k \ ^i=l 



< 



|logb: 



|C 



1 ' 

l_ A 2 

fc+1 + °1 



To estimate ctfc from the definition (I3.78p . we observe that for k < 2L — 1, i < 2L— 1 
and thus 



2iL 
L — 1 ' 



■Bli 



2/cL 
L — I 



a k . 
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For k = 2J, we have to treat the boundary term i = k, (mi, . . . , nik—i, m^) = 
(0, . . . , 0, 1) = 1 which yields: 

r 2J(2J) 

OL2L > min{ 2L V _ } ; 2L + 1} = 2L + 1. 

For k = 2J+1, we have the the two boundary terms (mi, m 2 , . . . , m.fc_ 2 , uik—i, m^) = 
(1,0, ... ,0, 1,0), (mi, . . . , ,mjfc_i,m fc ) = (0, ... ,0, 1) which yields: 

2L(2L + 1) 2L 
a 2L+ i > min{ ^ 7 ; 2L + 1 + ^~ y i 2J + 2} = 2J + 2. 

and (|3,77p is proved. 

Proof o/ (f3T80|) : Let < k < 2L + 1, < i < k. Let h = k - i, J 2 = i, then we can 
pick J 2 G N* such that 

max{l; 2 - i} < J 2 < min{2L + 3 - k; 2L + 2 - i} 

and define 

Ji = 2J + 3-/c- J 2 . 

Then from direct inspection, 

' 1 < h + Jl < 2L + 1, 2 < J 2 + J 2 < 2J + 2, 
ii + J 2 + Ji + J 2 = 2J + 3. 



(/i,Ji,/ 2 , J 2 ) GN 3 xf, 
Thus 



4>1 y 4i + 2 - 2fe i^i y2J 1 -2+2J 2 -2 ~ 



2 



L°o(w>i) 



2 



V >i y 2j2 ~ 2 



iiogfeir^r 

where we now compute the exponent using (|3.74p . f|3.T5[) : 

• for Ji + Ji < 2L - 1, J 2 + J 2 < 2J, 

2J , , 2J(2J + 2) 

d*,* = + J l + h + ^2 - 1) = \ L _ X ' > 2L + 3; 

• for Ji + Ji = 2L, J 2 + J 2 = 3, 

or 

di >fc = 2L + 1 + ^y(3 - 1) > 2J + 3; 



for Ji + Ji = 2J + 1, J 2 + J 2 = 2, 



di.fc = 2J + 2 + > 2J + 3, 



for J 2 + J 2 = 2J + 1, Ji + Ji = 2, 



2(2J) 

di,* = ^— ^ + 2J + 1 > 2J + 3, 
• for J 2 + J 2 = 2J + 2, Ji + Ji = 1, 

di >fc = 2J + 2 + > 2L + 3, 

and (|3.80p is proved. 

Proof of Let 1 < fc < 2J + 1, < j < i < k - 1. For k = 2L + 1 and 

< i = j < 2J, we use the energy bound (|3.76|) to estimate: 



< 67 
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with 

di,2L+l 



2jrr +2L + 2 for i = 0, 
2^+2^ + 2+2^ for i = l, 

2l=T + 2l=l(* + 1 - 1) + 2Z=I ( 2L + 1 " for 2 < i < 2L 
> 2L + 3. 



This exceptional case being treated, we let I\ = j, / 2 = i — 3 an d pick J 2 G N* with 
max{l;2-(i-j);2-(k-j)} < J 2 < mm{2L+3-k;2L+2-(k-j);2L+2-(i-j)}. 
Let 

Ji = 2L + 3-k- J 2 , 

then from direct check: 

(Ji, Ji,/ 2 , J 2 ) eN 3 xN' 
Hence: 

l^ci 2 i4 _i ci 2 



1 < Ji + Ji < 2L + 1, 2 < J 2 + ^2 < 2L + 2, 
A + h + J\ + J2 = 2L + 3 - (k - i). 



Ofe- 



?/>i y 



4L+2-2A; 



y >i y 



2J 2 -2+ 2 Ji- 2 



^ 1 



,Jl-l 



L°°(y>l) 



l^ 2 CI 2 



j/>i y 



2J2-2 



where we now compute the exponent dn- using (|3.74p . (|3.75p . f|3.T8[) : 

• for Ji + Ji < 2L - 1, I 2 + J 2 < 2L, k - i < 2L - 1, 

x 2L 2L 2L(2L + 2) 
dij,k = (k - i)— + (2L + 3 - (k - i) - 1)— = — ^ rr 1 > 2L + 3; 



2L - 1 v v 7 7 2L - 1 

for Ji + Ji < 2L - 1, I 2 + J 2 < 2L, k - i = 2L, 



2L-1 



d 



i,j,k 



2L + l + (2L + 3-2L-l)- 



2L 



> 2L + 3: 



2L-1 

for h + Ji = 2L, I 2 + J 2 = 3 - (k - i) > 2 and thus k - i 



1, / 2 + J2 



i,j,k 



2L 2L 

+ 2L + 1 + — > 2L + 3; 



2L - 1 2Li 
for I 2 + J 2 = 2L + 1, J1 + J1 = 2-(k-i) > 1 and thus fe-i = 1. h + J\ = 1, 



di 1 



+ 2L + 1 + - 21 : > 2L + 3, 



2L - 1 



2L- 1 

and this concludes the proof of (|3.8ip . 
step 8 Small linear term L(e). 



Let us rewrite from a Taylor expansion: 
L{e) = -eNfa), N 2{ a b )= nQ + ^\- nQ) 

y 



^ / f"(Q + ra b )dr. (3.84) 



y 2 Jo 



Control for y < 1: We use a Taylor expansion with the cancellation f 2k (0) = 0, 
k > 0. and Proposition 12,121 to ensure for y < 1 a decomposition 

iV 2 (d & ) = 6 1 [sf =0 c i y 2i + r], |q| < 1, < y 2L + 2 - fe , 0<fc<2L + l. 

We combine this with (|C.2p and obtain the representation for y < 1: 

L{e) = [sf+ZciTi+x^ + r £ l 61 [sf =oQ y 2i + r] = h [E^qy 2 *" 1 + f £ ] (3.85) 
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with bounds: 

\ci\ < C(M)y/&^, (3.86) 

\d k y r e \ <y 2L+1 - fc |logy|C(M) v / ^;, 0<fc<2L + l, y < 1. (3.87) 
We now apply (.4 fc )o<fc<2L+i to (|3.85p and conclude using (|3,7ip : 

H^L^IUoo^d < hC(M)^/£^ (3.88) 

from which: 

/ 1 t!° S ! |2 |^( £ )| 2 + / l^^fcOl 3 < C{M)b\£ 2L+2 < C(M)b\bf+\ 
Jy<l 1 + V Jy<i 

Control for y > 1: We give the detailed proof of (|3.64|) . the proof of (|3.6ip follows 

the exact same lines and is left to the reader. We claim the pointwise bound for 

y> 1: 

yk 

which is proved below. This yields from Leibniz rule 

. . 6i|log6i| c |5!,e| 

1^)1 <Sto ( 3 ' 9 °) 

and thus: 

\AH L T( F \\ < T 2L + l \$m[ <T 2L + X 1 yk H^Wf^ 
\ Atl L \ £ )\ ~ ^k=0 y 2L+l-k ~ ^k=0 y2 L+l-k^i=0 yk-i+1 

< h llr.tr?! |Cy2L+l \% E \ 

< 6i|log6i| E i=0 ^ 2L+2 _ ■ ■ 
We therefore conclude from (jC.lip with k = L: 



V0<fc<2L + l, |ffiV 2 (a„)|< bl|1 ° fc g + 6 1 l|C - (3.89) 



Jv>i Jv>\ y 



\C h 2L+4 

/j/>i Jy>i y 

and ()3.64p is proved. 
Proof of (I3T89D : Let 



iV 3 = / f"(Q + ra b )dT. 

Jo 

Let v T = Q + Tcife, < r < 1, we estimate from Proposition 12. 12] 

l^|<^£ l<fc<2L+l, y>l, 
and hence using the Faa di Bruno formula: 

\dyNz(a b )\ < / 1 S mi+2m2+ ... +fcmfc=fc |C 1+ --- +mfc /(^)|nf =1 |^ T r^r 



o 

< \\ogbl\ C T lmi+ 2 m2 + -+km k =k^i=l 

This yields in particular the rough bound 

3fc 



yi + l 



|log&i| c 



< 

~ -,fc+l 



|a^JV 3 (a 6 )| < Jl5i^J_ 3 y >i, <A;<2L + 1 



and hence from the Leibniz rule: 



d K , 

w v y 2 



) ^^T^' y^ 1 ' 0<fc<2L + l. (3.91) 
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We extract from Proposition 12.121 the rough bound 



|logbi|°6i 

yk 



< k < 2L + 1 



and conclude from Leibniz rule: 

|a{iv 2 | < s|Lo|iog6i| 

and (|3.89f> is proved. 



< 



6i|log6i| c 



This concludes the proof of (|3.61|) . (|3.62p . (|3.63p . (|3.64p and thus of Proposition 

□ 



4. Closing the bootstrap and proof of Theorem 11.11 

We are now in position to close the bootstrap bounds of Proposition 13.11 The 
proof of Theorem 11.11 will easily follow. 



4.1. Proof of Proposition 13.11 Our aim is first to show that for s < s*, the a 
priori bounds (|3.23|) . (|3.24p . (|3.25p can be improved, and then the unstables modes 
{Uk)2<k<L w iU De controlled through a standard topological argument. 

step 1 Improved H 1 bound. First observe from (|3.17p and the a priori bound on 
Uk form s < s* that 

\b k (s)\ < \b k (0)\. (4.1) 
The energy bound (|3.23p is now a straightforward consequence of the dissipation of 
energy and the bounds (|4.ip . (|3,26p . Indeed, let 

e = e + a, 

then 

9 2 (Q + e) 



En 



\dy(Q+£)\ 2 + 



(4.2) 



= E(Q) + (He, e) + f \ [g 2 {Q + e) - 2f(Q)e - f'(Q)e 2 ] . 
We first use the bound on the profile which is easily extracted from Proposition l2.12l 



\d v a\ 2 + 



lal 2 



<6i|log6i| c < VW) 



using (|4.ip . This ensures using Lemma [B. II the coercivity: 



(He,e) > c(M) 



> c(M) 

The nonlinear term is estimated from a Taylor expansion: 



J 


|9„£| 2 


+ J 


rm 






y 2 


[./ 




+ J 











c(M) 



( \ [g\Q + e) - 2f(Q)e - f\Q)e 2 
where we used the Sobolev bound 



^ S ( / 1 ' 



1^1 2 



~ 1 1 2 



\L°° 



< \\d„i 



y £ \\L 2 \\-\\L 2 - 
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We inject these bounds into the dissipation of energy (|4.2p together with the initial 
bound (|3.20p to estimate: 



l<VI 2 + fK< f l-Vf + / K + H^gbi\ C < c(M)^h(0) < (6i(0))i (4.3) 



for \bi(0)\ < b\{M) small enough. 

step 2 Integration of the scaling law. Let us compute explicitly the scaling 
parameter for s < s* . From (pT36]) . (pT26|) . (|2.10ip . (pl99j) . we have the rough 
bound: 



As _ ci _ \di\ ^ 
A s logs 



s(logs) 



which we rewrite 



d f s Cl A(s) 



ds \ (logs)Mil 



< 



s(logs) 



We integrate this using the initial value A(0) = 1 and conclude: 



(4.4) 



s Cl \(s) _ 

(logs) Mi I ~~ (logs ) |d il 



+ o 



, (logso 



(4.5) 



Together with the law for b\ given by (f3T26|) . (|2.10ip . ([2T99]) . this implies: 



6r(0) ci |log6i(0)| 



A* 



6 1 (0) Cl |log&i(0)| 



Mil 



(4.6) 



step 3 Improved control of £21+2- We now improve the control of the high 
order £21+2 energy (|3.25p by reintegrating the Lyapounov monotonicity (|3.48p in 
the regime governed by (|4.5p . (|2.10ip . Indeed, we inject the bootstrap bound (|3.25p 
into the monotonicity formula (|3,48p and integrate in time s: Vs £ [s0) s *)> 



w.) < 



4L+2 



£2L+2(0) + Cbl(0) 



6 2L+2 (0) 



|logbi(0)|i 



6f +2 (s) 
|log6i(s)| 2 



+ C 



1 + 



K 



logM 



+ v 7 ^ 



A 2L+4 (s) 



n "1 



u2L+2 



A 4L+2 |l og 6 1 |2 



(4.7) 



for some universal constant C > independent of M. We now observe from (|4.6 
that the integral in the RHS of (|4,7p is divergent since: 



6! frf+ 2 

A4L+2 | log&1 | 



> 



C(b 



6 2L+3 



> 



C(b ) 



C(b ) 



b? L+2 ^\loghf ~ (logs)^ S 2L+3 -( 4L+2 ^ (i ogs) c s 



t> e2L-l 



and therefore from (|4.6p and - < 61 < -: 
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We now estimate the contribution of the initial data using (|4.6p and the initial 
bounds d32U), (13321) : 



(mY L+2 



£ 2i+2 (0) + C&f(0) 



|log6i(0)| 2 



4 h 2L+2 (() - ) 

<X' L+2 (s)bf(0)^- lU) 



|logbi(0)| : 



< (frlOO)^"""^ 

< ^00 

~ |log6i(s)| 2 



|log6i( S )|°(6i(0))s +2i+2 -^ +2 ^|log6i(0)| 



where we used the algebra for L > 2: 

LUL + 2) , 

Injecting these bounds into (|4.7I) yields 



2 4 
2L - 1 < 5' 



u2L+2 



£2L + 2{S) < TT 1 



logfei(s) 



1 + 



A" 



logM 



+ v 7 ^ 



< 



K b\ L+2 {s) 
2 llogb!^)! 2 



for K large enough independent of M. 



(4.8) 



step 4 Improved control of £2fc+2> < k < L — 1. We now claim the improved 
bound on the intermediate energies: 

2L 



, (4/c+2)t 



£2k+2<b\"'"' 2L - 1 \\ogb l \ 

This follows from the monotonicity formula: for < k < L — 1, 



1 



d 



dt I A 4fc + 2 



(4-S 



(4.10) 



< 



|logfe; 



\C 



b 2k+3 



+ b l+5+(2fc+l)^ T + 



h 2k+4 F 



2fc+2 



for some universal constants C, 5 > independent of the bootstrap constant K . The 
proof is similar to the one of (j4.8|) and in fact simpler since we allow for logarithmic 
losses, details are given in Appendix IF1 
We now estimate using (14.51) : 



A 4fc+2 ( s ) 



2/c+3 



,\4fc+2 



|log6] 



O < (logs)^ 



(logcr 



iC 



s (4fc+2)ci / (J 2fc+3-ci(4fc+2) 



da. 



We compute from (j2.97p : 



(2fc + 3) -ci(4fc + 2) = 1 + 



2{L - k - 1) 
2L - 1 



(4.11) 



and hence: 



A 4fc+2 (s) 



I log&x | ^ JjUia , 9U £ Oi |logf>i| . 



*0 



\4k+2 I 



s (4fc+2)ci 



Similarily, from (|4.6p : 



,11+2 



,l+<5+(2fc+l) ! 

^1 ' 

A 4fc+2 



loghfda < 



(\ ogs )\di\+C rs (l oga f 



s (4fc+2) Cl 



-da 
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and using IfPT]) . (f3~24"|) : 

| C , (log S )l^l+ c T (loga) c +^ 



,«+ a ,,x rjiogftir /72fcTv — rfff < ( lQ g s )' 11+0 rjM^L, 

A ( S ) / A 4fc+2 V 6 1 g 2fc+ 2 cicT < (4fc+2)£i / , = <fr 

so A ^ ^ ; Jso / 2fc+4- (2fe+l)3^ T 

< ibg^p+^f + 2 f — < iiog&xr^f + 2 . 

The time integration of (|4.10p from s = sq to s therefore yields using also the initial 
smallness (ET2D and (jlTUD : 

WOO < A 4fe + 2 ( S )6 1 (0) 10 ^ + |log6 1 ( S )| c7 +^f +2 ( S ) < |log6 1 ( S )| c+ ^ +2(s)) 
and (|4,9p is proved. 

Remark 4.1. For < k < L — 2, the above argument shows the bound 

£ 2 fc+2 ^ 

which equivalently corresponds to a uniform high order Sobolev control w. The 
logarithmic loss for k = L — 1 could be gained as well with a little more work, see 
|37| for the case L = 1. This shows that the limiting excess of energy u* in (j 1 . 1 2 [) 
enjoys some suitable high order Sobolev regularity. 

step 5 Contradiction through a topological argument. Let us consider 

b k = b k for 1 < k < L, b L given by (pQ4)) 

and the associated variables 

b k = b%+ Uk B , l<k<L, b k+1 = U k+1 =0, V = P L U. 
s k (logs)i 

From ([335]): 

l^-^l<s L |logs| C &f +l <4- (4.12) 

Si 

Let the associated control of the unstable models be: 

\V 1 (s)\<2, (y 2 (8),...,V L (8)) €f? L _i(i). (4.13) 
and the slightly modified exit time: 

s* = sup{s > s such that (1333L ([3T241 . (025}, (gUSD hold on [s , s]}, 
then (|4,12p and the assumption (|3.27p imply: 

v (y 2 (o), . . . , vb(o)) e r < +00. (4.14) 

We claim that this contradicts Brouwer fixed point theorem. 
Indeed, we first estimate from (|2.102D 
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and thus from (EOTD . (pOoT) . (14H and (l2~4l) : 



*(£/•*), - (A L £/) fc 



< _J_ 

< _J_ 



+ s fc+1 (logs)4 



(6 fe ) s + 2fc - 1 + 



logs 



+ s fc+1 (logs 



bib k - 6fcH 



lL+1 



\ ' 2 + 



+ 



s^logs) 2 | log&1 



< 



1 



(logs 



and hence using the diagonalization (12.10411 : 

s{V) s = D L V S + O 



(logs 



(4.15) 



This first implies the control of the stable mode V\ from (|2. 104j) : 

1 



l(^i) s | < , 



(logs) 



and thus from (|3,19|) : 



\Vi{s)\<- + - 
s s 



dr 1 
< — . 

■ 10 



s (logr) 7 

Now from (|4.3p . (|4.8p . (|4.9p . (I4.16P and a standard continuity argument, 



(4.16) 



(4.17) 



We then compute from (|4.15p the fundamental strict outgoing condition at the exit 
time s* defined by (|4.17p : 



J i=2 



1 

> — 

S* 



2 -Uo 



2L - 1 
1 \ 



2L - 14 



(logs* 



W) + o 



> 0. 



1 



(logs* 



This implies from standard argument the continuity of the map 

(%) 2 <i<L € EL-l(^) -> [(V r i) 2 <i<L 
and hence the continuous map 

(y % ) 2 <i< L ^{vi [s*((Vi) 2 <i<L)]} 

is the identity on the boundary sphere §£_i(^), a contradiction to Brouwer's fixed 
point theorem. This concludes the proof of Proposition 13.11 

4.2. Proof of Theorem 11.11 We pick an initial data satisfying the conclusions of 
Proposition 13.11 In particular, (|4.4j) implies the existence of c(uq) > such that 



A(s) = c(u ) 



(logs) Mi I 



1 + 



1 



(logs 
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and then from ff3T36|) . (I2.1U1|) : 



-AA* 



As 
A 



1 



£1 
s 



1 + 



logs 



c(u )A e i 
I log A I c i 



1 + 



(logs 



and hence the pointwise differential equation: 

-A -L ^|logA|2^ At = c(n )(l + o(l)). 

We easily conclude that A touches zero at some finite time T = T(uq) < +00 with 
near blow up time: 

X(t) = c(u )(l + o(l)) iT ~ t)L 2L (1 + o(l)). 

|log(T-t)|3Z=T 

The strong convergence (jl.l2|) now follows as in |37j. This concludes the proof of 
Theorem 11.11 



Appendix A. Regularity in corotational symmetry 



We detail in this appendix the regularity of smooth maps with 1-corotational 
symmetry. 

Lemma A.l (Regularity in corotational symmetry). Let v be a smooth 1-corotational 
map 

g(u(y)) cos 9 

v(y,9)= g(u(y))sm6 , (A.l) 
z{u{y)) 



with 



v (0) = e z , lim v(x) — > —e z . 

y— »+oo 



(A.2) 



Assume that v is smooth in Sobolev sense: 



Ef =1 I |(-A)i^<+oo, 



for some N 3> L, then: 

(i) u is a smooth function of y with a Taylor expansion at the origin for p < 10L: 

u(y) = K= cky 2k+1 + O(y 2p+3 ). 

(ii) Assume that u(y) = Q{y) + e(y) with 



\\Ve\\ L 2 + ||-|| L 2 « 1, 

y 

and consider the sequence of suitable derivatives = A k £, then: VI < k < L 

|2 



(A.3) 
(A.4) 



|£2fc+2 + 



l £ 2fc+l| 



y 2 {i + y 2 ) 



+ E 



p=0 



\ £ 2p- 



+ 



y 6 (l + |logy| 2 )(l + y 4 ( fc -P)) y 4 (l + |logy| 2 )(l + y 4 ( k ~P) 



Proof of Lemma \A.ll Let us consider the rotation matrix 

R = 



0-10 
1 




(A.5) 
< +00. 

(A.6) 
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v(r, 6) = e 6R w with w(r) 



and rewrite (jA.ip : 

w% = g{u) 


w 3 = z{u) 

step 1 Control at the origin. We compute the energy density 

|2 

.-, .-i I II 

\X7v\ 



|2 id |2 , w 

~ \dyW\ + 

y 2 



which is bounded from the smoothess of v from which 

W\ 



+ \d v wi\ ~ L 



Similarily 

where 
with 



Av = e m { Aw + | < 

yl 



w 



6R 



-B.W1 



Aw 3 



Mw 1 = -Awi + -4 

yZ 



A* Aw 



1 2 
A = -d v + -, A* = d v + -. 

V V 



The regularity of v implies 

\Mwi\ <1 

near the origin which together with (|A.9P yields: 



We now observe that 



and conclude 



1 r 

Awi{y) = / (Hwi)r 2 dr = O(y). 

y Jo 



Hwi = —dyyWi H — Aioi 



(A.7) 

(A.8) 
(A.9) 

(A.10) 



(A.ll) 



We now iterate this argument once on (jA.lOp , Indeed, at the origin, 
\d y U Wl \ 2 + < \VAv\ 2 < 1, |HV| < |A\| < 1 

yl 

and hence 

\M Wl \<y, |AHwi|<i/, |M 2 u;i|<l. 
This yields the C 3 regularity of at the origin and the improved bound from 
(lATTjl : 

^ / (U Wl )T 2 dT = 0(y 2 ). 

ir Jo 

A simple induction now yields for all k > 1 the C fc regularity of ioj, and that the 
sequence 



Awi(y) 



r \ t \ f A*(vJi)k for k odd . _ , 

(u;i)o = Wi 1 K)w = | %)i fork even ' — 



satisfies the bound 



fel < 



y for k even 
y 2 for k odd 



(A.12) 
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We therefore let a Taylor expansion at the origin 

w l {y) = Y? l=l c l y i + 0{yV+ l ), 
apply successively the operator A, A* and conclude from the relations 
A (r fc ) = -{k - l)y k -\ A*(y k ) = (k + 2)y k ~ 1 

and (|Al2|) that 

C2k = 0, Vk > 1. 

We now recall from (|A.7p that w\ = g(u) and the Taylor expansion (|A.3P now 
follows from the odd parity of g at the origin. 

We now claim that this implies the bound ()A.5|) at the origin. Indeed, e admits 
a Taylor expansion (|A.3P from (12. 2p to which we apply successively the operators 
A, A*. We observe from (|2.5p the cancellation 

A(y) = cy 2 + 0(y 3 ) 

which ensures the bound near the origin 

\£2k\<y, k2fc+il<y 2 , (A. 13) 

hence the finiteness of the norms ()A.5|) at the origin, 
step 2. Control for r > 1. We first claim: 

-2 



Indeed, from (|A.4p . 
From (lA~8]l . 



/ £ -2+^=if(d k y e) 2 <+^. (A.14) 



^ l|Ve|| L2 + ||- Hxa < 1. (A.15) 

y 



J \&g(u)\ 2 < J \Av\ 2 <+oo. 



Now 



A 5 (u) = g'(u)Au + (^)V(o)/(u) 
and we estimate using Sobolev and the L°° control ()A.15|) : 

J {{d y e) 2 g'{u)g"(u)f< j \Ae\ 2 J \Ve\ 2 « | |Ae| 2 . 

Moreoever, from the smallness (|A.15P and the structure of Q, 

|^'(n)| > 1 as r — > +oo 

from which: 

1 + J \Av\ 2 > f |Ae| 2 . 

The control of higher order Sobolev norms (|A.14p now follows similarly by induction 
using the Faa di Bruno formula for the computation of dyg(u), this is left to the 
reader. Now (|A.14p easily implies 

^i=i [ M 2 < +oo 
and the bound (|A.5[) is proved far out. 

□ 
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Appendix B. Coercitivity bounds 



Given M > 1, we let $>m be given by (|3,7p . Let us recall the coercivity of the 
operator H which is a standard consequence of the knowledge of the kernel of H 
and the nondegeneracy (|3.8j) . 



Lemma B.l (Coercivity of H). Let M > 1 large enough, then there exists C(M) > 
such that for all radially symmetric u with 

|2" 



\dyU\ Z + i-L. 

y 2 



< +oo 



satisfying 
there holds: 



(Hu,u) > C(M) 



\d v u\ H ^~ 

y 2 . 



We now recall the coercivity of H which is a simple consequence of (|2.1ip and is 
proved in |36j . 



Lemma B.2 (Coericivity of H). Let u with 



u 



d v u\ + / — =- < +oo 



then 



(Hu,u) = ||^4*n||^2 > Co 
for some universal constant cq > 0. 



\dyU\ + 



u 



y 2 (l + |logy| 2 ) 



(B.l) 
(B.2) 



We now claim the following weighted coercivity bound on H. 

Lemma B.3 (Coercivity of £2)- There exists C(M) > such that for all radially 
symmetric u with 

' 2 <■ \Au\ 2 



u 



+ 



and 

there holds: 



y 4 (l + |logy| 2 

(u, $ M 



y 2 (i + y 2 ) 
= 0, 



< +00 



(B.3) 



\Au\< 



y 2 (l + |logy| 2 ) 



(B.4) 



Proof of Lemma \B. ffl This lemma is proved in [36] in the case of the sphere target. 
Let us briefly recall the argument for the sake of completeness. 

step 1 Conclusion using a subcoercivity lower bound. We claim the subcoercivity 
lower bound for any u satisfying (IB.lOj) : 



C 



\Hu\ 2 > 



(dyUf 

1 + 7/3 



\d 2 u\ 2 



[1 + |log2/| 2 

|2 " 



+ 



(dyU) 



+ 



2/ 2 (l + |log2/| 2 ) J y A {l + |log2/| 2 



+ 



u 



1 + 2/ 5 



(B.5) 
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Let us assume (|B.5P and conclude the proof of (|B.4p . By contradiction, let M > 
fixed and consider a normalized sequence u n 

'■ \Au n \ 2 



I 



+ 



y 4 (l + |logy| 2 
satisfying the orthogonality condition 

and the smallness: 

\HuJ- 



y 2 (l + |logy| 2 ) 



1, 



1 

< -. 

n 



(B.6) 

(B.7) 
(B.8) 



Note that the normalization condition implies 



/ 



+ 



y 4 (l + |logy| 2 ) J y 2 (l + |logy 



\dy1i n | 



< 1 



and thus from ()B,5p . the sequence u n is bounded in H? . Hence there exists u m £ 
Hf oc such that up to a subsequence and for any smooth cut-off function £ vanishing 
in a neighborhood of y = 0, the sequence (u n is uniformly bounded in Hf and 
converges to C u oo in Hj oc . Moreover, (|B.8P implies 

Huoo = 

and by lower semi continuity of the norm and (IB. 61) : 

|2 

< +oo 



/ 



y 4 (l + |lo g2 /| 2 ) 
which implies from (|2.12[) : 

u = aAQ for some a£l. 

We may moreover pass to the limit in (|B.7p from (|B.6P and the local compactness 
of Sobolev embeddings and thus 

(uoo, AQ) = from which a = 

where we used the nondegeneracy (|3.8p . Hence = 0. Now the subcoercivity 
lower bound ()B.5P together with ()B.6p . ()B.8P and the H? oc uniform bound imply the 
existence of e, c > such that: 



L 



£<y<7 



J y ^oo | 



+ 



Un 



i + y 6 i + y 



> o 



which contradicts the established identity u M = 0, and ()B.4[) is proved. 

step 2 Proof of ()B.5P . Let us first apply Lemma IB. 21 to Au which satisfies (jB.ip 
by assumption and estimate: 

\Au\ 2 



(HuY = (HAu,Au) > / \d y (Au)\ 2 + 



y 2 {l + y 2 )' 



(B.c 



Near the origin, we now recall the logarithmic Hardy inequality: 

u,|2 



/jz<i y 2 (i + |log2/| 2 ! 
and thus using (|2.10p : 



< 



\v\ 2 + 



l<J/<2 



J/<1 



\8yV\ 



\Auf 



1 



Vaq 



> 



y<l 



AQ 



dy 



y 2 (l + |logy| 2 ) 



/ (\d y u\ 2 + \u\ 
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which together with (jB.9[) yields 



y 2 (l + | logy | 



+ 



y 4 (l + |logy| 2 ) 



C 



\dyU\ 2 + \U\ 2 ). 



To control the second derivative, we rewrite near the origin: 



Hu 



dlu + - ( -d v u + - 1 + 



y 



y 



V-l a2 Au (V-l + 1-Z 
— =— u = -dtu H + ^ it* 

y^ y y y z 



and ()B.5P follows near the origin. 

Away from the origin, let £(y) be a smooth cut-off function with support in y > \ 
and equal to 1 for y > 1. We use the logarithmic Hardy inequality 



/ 



U 



i y >i 2/ 2 (! + I logy 
to conclude from (|B.9P : 

\Au\ 2 



— < 

2\ ~ 



l<y<2 



\u\ + I \d y u\ 



2 > 



(Hu) 

We now estimate from (|2.5 



y 2 (l + |logy| 2 ) 



/ (14 

Jl<y<2 



\dyU\ 



y 2 (l + |logy| 2 ) 



> 



I -I 2 
y 2 (l + |logy| 2 ) 

c 

y 2 (i + |logy| 2 ) 



C / C 



y 6 (l + |logy| 2 ) 



in l2 

y 2 



M , \ d y u \ 
y° y 6 



where we integrated by parts in the last step. The control of the second derivative 
follows from the explicit expression of H. This concludes the proof of (|B.5|) . □ 

We now aim at generalizing the coercivity of the £2 energy of Lemma IB.3I to 
higher order energies. This first requires a generalization of the weighted estimate 

en. 



Lemma B.4 (Weighted coercitivity bound). Let L>l,0<k<L and M > M(L) 
large enough. Then there exists C(M) > such that for all radially symmetric u 
with 



/y 4 (i 



u 



+ |logy| 2 )(l + y 4fc + 4 ) 



/y 6 (i 



\Au\< 



+ |logy| 2 )(l + y 4fc + 4 ; 



< +00 



(B.10) 



and 



there holds: 



(«,*Af) = 0, 



\Hu\ 



y 4 (l + |logy| 2 )(l + y 4fc ) 



(B.ll) 



> C(M) 



u 



+ 



y 4 (l + |logy| 2 )(l + y 4fc+4 ) J y 6 (l + |logy| 2 )(l + y 4k 



\Au\< 
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Proof of Lemma B.4 step 1 Subcoercivity lower bound. We claim the subcoerciv- 
ity lower bound for any u satisfying (jB.lOP : 

\Hu\ 2 

1 (B.12) 



/ 



> 



+ 



y 4 (l + |logy|) 2 (l + y 4fc ) 
y 4 (l + |logy| 2 )(l+y 4fc ) 

U,|2 



+ 



/ 



{dyUf 



y2(l + |lo g2/ |)2(l + 2/ 4fc + 4) 



C 



(dyV.) 



i + y 



4fc+8 



+ 



U 



i + y 



ik+10 



y 4 (l + |logy| 2 )(l + y 4fc + 4 ) 
Control near the origin. Recall from the finitness of the norm (jB.lOp the formula 



Au(y) 



tAQ(t)Hu(t)oIt. 



yAQ(y) J 

We then estimate from Cauchy Schwarz and Fubbini: 



\Au\' 



< 



and thus: 



„<i y 5 (i + I logy | 

\Hu(r)\ 2 



-dy< 



0<r<l 



/ 



r<y<l 



\Au\' 



0<y<l J0<r<y 

dy 

y 4 (l + |logy| 2 ) 



y9(l + |logy| 2 ) 



\Hu(T)\ 2 dydT 



y6(l + |logy| 2 ) 



< 



dr< 



\Hu\' 



\Hu{t) 



T<1 r3(l + |logr| 2 



-dr 



y 4 (l + |logy| 2 )- 



(B.13) 



We now invert A and get from (|2.10|) the existence of c(u) such that 



u{y) = c(u)KQ{y) - KQ{y) 



y Au(t) 
AQ(r 



dr. 



We estimate from Cauchy Schwarz and (|B.13p for 1 < y < 1: 



y Au{t) 
o AQR 



■dr 



< 



y 4 (i + llogyl 1 



\Au\< 



r5(l + |logr| 2 ) 



dr 



< y 3 



\Hu\' 



from which 



and 



„<! y 4 (l + |logy| 2 ) 
\Hu\ 2 



\u\ 2 + 



< 



y <! y 4 (l + |logy| 2 ) 
\Hu\ 2 



+ 



(B.14) 



,„<! y 4 (l + |logy| 2 ) ~ y y <! y 4 (l + |logy| 2 ) A< y <2 ' 
The control of one derivative follows from (|B.13p . (|B.14[) and the definition of A: 



y <i y 2 (l + I logy | 



\ d y u \ < 

21 ~ 



\Au\< 



< 



y <i y 2 (i + |iogy| 2 ! 

\Hu\ 2 
,<! y 4 (l + |logy| 2 ; 



+ 



+ 



u 



, ;1 y 4 (l + |logy| 2 ) 

2 



U 



i<y<2 



To control the second derivative, we rewrite near the origin: 



Hu 



-d 2 u + 



1 



-dyU 



V-l a2 Au (V-l) + (l-Z) 
+ — k—u = -d 2 u + — + ^ '-^ '-u 

yl y y y Z 
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which implies using (|B7T3|) . (fETIj) and ([23]), (f2~6|) : 



|<9 2 < 



< 



3/<l 



+ 



y 4 (l + |logy| 2 ) ~ y 4 (l + |logy| 2 ) 
This concludes the proof of (1B.12|) near the origin. 

Control away from the origin. Let be a smooth cut-off function with support 
m V > 2 an< ^ e< l ua i to 1 for y > 1. We compute: 



y 4fc+4 (1 + | log2/ |)2 

\dy(yd y u)\ 2 

y 4 fc+ 6 (1 + | log2/ |)2 

\d y (yd y u)\ 2 

y4 fc+ 6 (l + | logy | )2 



V„,|2 



c- 



+ 2 / C 



- dyjydyu) + | 

y4/c + 6(l+ | lo g y | )2 

dyjydyu) ■ Vu 
S 4fc+7 (l + |logy|) 2 ; " 

V(d y u) 2 
•y4fc+6( 1+ |bgy|)2 



2|„,|2 



F 2 k 



+ c 



M 2 A 



y4*+8( 1 + | logy |)2 

y 2 M 2 

y4 fc+ 8 (1 + | logy |)2 

(B.15) 



y fc +6(l + |logy|) 2 

We now use the two dimensional logarithmic Hardy inequality with best constant^: 
V 7 > 0, 



4 i^i y 2+7 (i + |logy|) 5 



(B.16) 



< a, 



\v\ 2 + 



l<2/<2 



^^(l + llogyl) 2 ' 



with 7 = 4/c + 6 and estimate: 



\dy(yd y u 



y 4fc +6(l + |logy|) 2 



> 



> 



(4k + 6) 5 



(4fc + 6) 4 
16 



\9yU\ 2 



3/>l 



y 4fc +8(l + |logy|) 2 



i<y<2 



|5yU| 2 
[lV| 2 + 



We now observe that for A; > and y > 1: 
and compute 



dM?/) = ^(l) + 0(y- 2 - fc ) 



1 



.,4fc-i 



(4fc + 6) s 

,4fc+8 



Injecting these bounds into (|B.15P yields the lower bound 
^ \Hu\ 2 ^ [(4A: + 6) 4 



y 4fc + 4 (l + |logy|) 2 



> 



16 



(4k + &f 



y>i 



y 4 fe+8(1 + | logy |)2 



Ck 



\dyU\ 



u 



1 + y 4fe + 8 l + y 



4fc+10 



Note that we can always keep the control of the first two derivatives in these esti- 
mates, and the control (|B. 12|) follows away from the origin. 



which can be obtained by a simple integration by parts, see |32| 
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step 2 Proof of (jB.lip . By contradiction, let M > fixed and consider a nor- 
malized sequence u n 

f | f \Au n \ 2 _ 

7 y 4 (l + |logy| 2 )(l + y 4fc + 4 ) + 7 y6 (1 + | logy |2 )(1 + y 4 fc) > K- ) 

satisfying the orthogonality condition 

K,$ M ) = (B.18) 

and the smallness: 



\Hu n \ z . 1 



y 4 (l + |logy| 2 )(l + 2/ 4fc ) - n 
Note that the normalization condition implies 



< -• (B.19) 



/ 



y 4 (l + |logy| 2 )(l + y 4fc + 4 ) 7 y 2 (l + |logy| 2 )(l + y 4fc + 4 ) 

and thus from ([B.12j> . the sequence u n is bounded in Hf . Hence there exists 
Uoo £ such that up to a subsequence and for any smooth cut-off function £ 
vanishing in a neighborhood of y = 0, the sequence is uniformly bounded in 
JSj^g and converges to C u oo in ^oc - Moreover. (|B.19j) implies 

Huoo = 

and by lower semi continuity of the norm and (1B.17|) : 

u I 2 

< +oo 



y 4 (l + |logy| 2 )(l + y 4fc + 4 ) 
which implies from (|2.12|) : 

u = aAQ for some a£l. 

We may moreover pass to the limit in (|B.18P from (|B.17p and the local compactness 
embedding and thus 

(uoo, AQ) = from which a = 

where we used the nondegeneracy (|3.8]h Hence Uoq = 0. 
Now from (IB~T3l) . ({HUD , (lB~T9l) and (|BTfjl : 



+ / > 1 



,„>! y 4 (l + |logy| 2 )(l + y 4fc + 4 ) 7^>i S/ 6 (l + |logy| 2 )(l + 2/ 4fc 
and hence from ([B~l~2]) . (fB~19|) : 



1 _)_ y4fc+8 1 i _|_ ^4fc+10 ~ 

which from the local compactness of Soboelv embeddings and the a priori bound 
(|B.20p ensures: 

\dyU c 



I 2 r \n I 2 



/ r^J > 1 



1 _|_ y4fc+8 1 y 1 _|_ y 4fc+10 

which contradicts the established identity = 0. □ 

We are now position to prove the coercivity of the higher order (^2fc+2)o<fc<L en_ 
ergies under suitable orthogonality conditions. Given a radially symmetric function 
e, we recall the definition of suitable derivatives: 

f A*Ek for k odd n . , . T 
e_ 1 =0, e = e, = S , % , , < fc < 2L + 1. 

1 ' u ' K+i 1 for k even ' - - 
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Lemma B.5 (Coercivity of <?2fc+2)- Let L > 1, < k < L and M > M(L) large 
enough. Then there exists C{M) > such that for all e with: 

2 



F2/C+2I + 

satisfying 
there holds: 



\ e 2k+l\ 



y 2 (i + y 2 ) 



l £ 2p- 



+ 



y 6 (l + |logy| 2 )(l + y*( k ~P)) y 4 (l + |lo g2 /| 2 )(l + y 4 ( fc "P)) 
(e,H p $ M ) = 0, 0<p<k, 



£ 2k+l\ 



+ |logy| 2 ) 



(B.21) 

< +00 

(B.22) 
(B.23) 



+ E 



p=0 



\ £ 2p-l\ 2 



+ 



_y e (l + |logy| 2 )(l + y^ k ~P)) y 4 (l + |logy| 2 )(l + y 4 ( k ~P)) 

Proof of Lemma \B. 11 We argue by induction on k. The case k = is Lemma IB. 31 
We assume the claim for k and prove it for 1 < k + 1 < L. Indeed, let v = He, then 



15. 



v p = Sp+2 an d thus v satisfies ()B.2ip an 

VO < p < k, («, H^ M ) = (e, H P+1 <S> M ) = 0. 
We may thus apply the induction claim for k to v and estimate: 



J (H k+2 e) 2 = J (H k+1 v) 2 > C(M)U - J: 



^2fc+3| 



+ S 



p=0 



l £ 2pH 



+ 



I logy 1 2 ) 

l £ 2p+2 



> C{M) 



y 6 (l + |lo g2 /| 2 )(l + y 4 ( fc ~P)) y 4 (l + |logy| 2 )(l + y 4 ( fc "P)) 
2 



l £ 2fc+3l 



y 2 (l + |logy| 2 ) 



(B.24) 



+ E 



fe+i 
P =i 



l £ 2p- 



+ 



k2 P p 



y 6 (l + |logy| 2 )(l + y 4 (fc+i-p)) y 4 (l + |logy| 2 )(l + y^+l-p)) 

The orthogonality condition (e, 3>m) = and (|B.2ip allow us to use Lemma lB.41 
and to deduce from the weighted bound (jB.lip the control: 



/ 



£ 2 



> 



y 4 (l + |logy| 2 )(l + y 4fe ) ~ J y 4 (l + |logy| 2 )(l + y 4 *+ 4 



which together with ()B.24|) concludes the proof of Lemma IB. II 



□ 



Appendix C. Interpolation bounds 

We derive in this section interpolation bounds on e in the setting of the bootstrap 
Proposition 13.11 and which are a consequence of the coercivity Property of Lemma 

El 

Lemma C.l (Interpolation bounds), (i) Weighted Sobolev bounds for e^: for < 

k < L: 

^=t 1 / y 2 (1 + y 4 fc -2i e i )(1 + | logy | 2) + / l^+ 2 l 2 < C{M)£ 2k+2 . (C.l) 

15 from k < L + 1 
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(ii) Development near the origin: e admits a Taylor Lagrange like expansion 

e = Ef+^Ti+i-i + r £ (C.2) 

with bounds: 



\ci\ < C(M)^S^2, (C.3) 
\d%r E \ <y 2L+l - k \\ogy\C(M)^£^r 2 , < k < 2L + 1, y < 1. (C.4) 
(hi) Bounds near the origin for e^: for \y\ < \, 



M <C(M)y|logy|v^L+2, < k < L, (C.5) 



< C(M)y 2 llogylV^^, 1<A:<L, (C.6) 



| ff2i+1 |<C(M)v^^. (C.7) 

(iv) Bounds near the origin for <9^'e: /or \y\ < ^, 

|afe| <C(M)y|logy|V^I^, < k < L, (C.8) 

l^el^CCMJIlogylV^I^, 1 < k < L + 1. (C.9) 

(v) Lossy bound; 

y 2k+l f 1 + |log^! C ■ _ ,2 < |, , |C / &! 4fc+2) ^K < fc < L - 1, fr im 

^ 2 fc+i /* i + |iogy| c ,ai ,2 < | 1n -i, ,c f b^ k+2) ^, 0<fc<L-l, , rin 

y 1+ ^- 2i+4 ivi swii 1 6 k +2 /or — - (en) 



(vi) Generalized lossy bound: Lei G N x N* w#i 2 < i + j < 2L + 2, then: 
\C 



( 6^ 1)ax - 1 /or2<i + j<2L 

6 2L+i for i + j = 2 L + l (C12) 

»i L+2 /or i + j = 2L + 2. 



Moreoener: 



7 l + |logy| 2 [ f+2 j or i = 2 L + 2, 

(vii) Pointwise bound far away: let (i,j) € N x N wi/j 1 < i + j < 2L + 1, i/ien: 



2L 



'2T 



< |logoi| C 



b\ J>2L - 1 for l<i + j <2L-l 
h f+x for l + j = 2 L, ■ (CM) 

b\ L+2 for i + j = 2L + l 



L°°(y>l) 

Proof, stepl Proof of (i). The estimate (fCTTjl follows from (1B~23|) with < k < L. 

step 2. Adapted Taylor expansion. 
Initialization: Recall the boundary condition origin at the origin ()A. 13|) which im- 
plies \s2L+i(y)\ < C £2L+1 y 2 as y — > 0. Together with (|2,10p and the behavior AQ ~ y 
near the origin, this implies: 

1 f y 

T\ = £2L+l{y) = — r-p: / £2L+2^Qxdx, (C.15) 

y^Q Jo 
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and this yields the pointwise bound for y < 1: 

\ri(y)\ < ^ {^j \£2L+2\ 2 xdx S j (^J x 2 xdx S j 



< 



C{M)J&^~ 2 . (C.16) 



We now remark that there exists ^ < a < 2 such that 



\e 2L+ i(a)\ 2 < f |e 2L+1 | 2 < C(M)£ 2L+2 
from (jC.lj) . We then define 



r2 = - AQ L AQ dx 

and obtain from ()C.16p the pointwise bound for y < 1: 



y n 



H <v\logy\C(M)V&w- (C.17) 
Now observe that by construction using (|2 . 10() : 

Ar 2 = n = e 2L +i, Hr 2 = A*e 2L+1 = e 2L+2 = He 2L (C.18) 
Now from (lB~24l) . 



S u< 



-ydy < +oo 



/^i 2/ 4 (l + |logZ/| 2 )' 

and hence |e 2 L(y n )| < +oo on some sequence y n — > 0, and from (|C.17j) . ()C. 18|) . the 
explicit knowledge of the kernel of H and the singular behavior (|2.13p , we conclude 
that there exists c 2 £ M such that 

e 2L = c 2 KQ + r 2 . (C.19) 

Moreover, there exists \ < a < 2 such that 

|£2L(a)| 2 < / \e 2L \ 2 <C{M)£ 2L+2 
J\v\<i 

from (1CH1) . and thus from (fCTT7|) . (jCTlQl) : 



|c 2 | < C(M)v^2, |e 2L | < y|logy|C(M)7^2. (C.20) 
Induction. We now build by induction the sequence: 

r2k+i = — tf: / r 2k KQxdx, r 2k+2 = -AQ / — r^-dx, 1 < k < L. 
yAQ Jo Jo A Q 

We claim by induction that for all 1 < k < L+l, £ 2 L+2-2k admits a Taylor expansion 
at the origin 

£2L+2-2fc = Sf =1 c iifc T fc _i + r 2fc , \<k<L+l (C.21) 
with the bounds for \y\ < 1: 



\ci,k\ < C(M)V^h2, (C22) 

I^V 2fc | < |logy|y 2fc - 1 - l C(M) v / ^ 2 ", < i < 2fc - 1. (C.23) 

This follows from (lCT9|) . (1(X20|) . (fC7l7]> . (ICT81) for fe = 1. We now let 1 < k < L, 
assume the claim for k and prove it for k + 1. 
By construction using (|2.10p . 

^2fc+2 = r 2k+ i, Hr 2k+2 = r 2k (C.24) 
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and thus A i r2k = r 2 k—i- in particular, for % > 2, -4. l ~ 2 r2fc+2 = ?~2fc-i an d therefore 
the bounds ()C.23P for k + 1 and 2 < i < 2fc + 1 follow from the induction claim. 
We now estimate by definition and induction for \y\ < 1: 

< g(M) v / g 2L+2 ^ 3+2fc _. 1 



\Ar 2 k+2\ = \r 2 k+i(y)\ 



1 /"» 

T2khQxdx 



yAQ 



o 



yZ 



\r2k+2\ 



y r 2 k+i 



AQ > ~W dx 



and (|C,23D is proved for k = 1 and i = 0, 1. From the regularity at the origin (|A.13j) . 
(f024|) . the relation 

-^ e 2L+2-2(fc+l) = e 2L+2-2fc = ^f =1 Cj j fcTfc_j + r 2 fc 

and the bound (|C.23p . there exists c 2 fc+2 such that 

£2L+2-2(fc+l) = ^i=lCi,kTk+l-i + C2k+2^Q + ?~2fc+2- 

We now observe that there exists ^ < a < 2 such that 

k2L-2fc(a)| 2 < / \S2L-2k\ 2 < C(M)£ 2L+2 

J\v\<i 

from (lCH1) . and thus using (ITI231 : 

|c 2 fc+ 2 | < C(M) V / f 2 L+2. 

This completes the induction claim. 

step 3. Proof of (ii), (hi), (iv). We obtain from (f(l21~|) . (fUT3]) with k = L + 1 the 
Taylor expansion 

e = Ci,kTk-i + r £ , r £ = r 2L+2 , \c iM \ < C(M)y / £ 2 L+2, 
with from (EI23]) 

\A l r £ \ < ^ogy^^-'CiM)^^, < * < 2L + 1. 

A brute force computation using the expansions (|2,5p . (|2.6p near the origin ensure 
that for any function /: 

d k y f = Z>i =0 P i>k A i f, |P ijfe |<^, (C.25) 



and we therefore estimate for < k < 2L + 1 

,fe 



|^r e | < C(M)v / ^St ^p- < y 2L+1 - fc |log y |C(M)7W. 



This concludes the proof of (ii) . The estimates of (hi) , (iv) now directly follow from 
(ii) using the Taylor expansion of Tj at the origin given by Lemma 12.31 and ()C.16P 
for glZj) . 

step 4 Proof of (v). We first claim: for < k < L, 

/ (i + |iogy| 2 Ki + ^- 2 ^) ~ C(M)( ^ +2 + W (a26) 

Observe that this implies (|C.13p by taking i = 2k + 2. 
Indeed we estimate from ()C.8p . ()C.9P : 

V 2fc+i f l + |logy |C 



J i=0 



f y<i IIP-L W 2 < C(M)£ 2L+2 . (C.27) 
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For y > 1, we recall from the brute force computation (|C.25|) 



m i ^=o^ (C28) 



and thus using (jC.ip : for < k < L, 



' " / y > 1 (l + |logy|2)(l + y4 fc -2 l+ 4) 



<- v->2fc+2vii 



-J 



„>! (l + |logy|2)(l+y4fc-2 l+ 4 +2j -2, ) 



(1 + |logy| 2 )(l + y4fc+4-2i) ~ ~v~/-z«+2, 

and (|C.26P is proved. In particular, this yields together with the energy bound 
(|3.23p the rough Sobolev bound: 

\f\ 2 f \d k e\ 2 



y 2 + *=1 _/ l + |logy|2 ~ • 



We therefore estimate using ()C . 26|) again: 



li ~|2 



V 2fc+i f l + \logy\ c ;V . 

*=0 y 1 _|_ y 4fc-2i+4 l a y fc 

7 i + |iog2/i° ,^ £|2 1 y i + |io g y| g , 2 

Jv<B™ 0L 1 + y 4fc " 2i+4 y J v >Bl 00L V 2 v 



< v 2fc+l 



y < B woL 1 + y 4fe ^+4 y Jy>B^ 0L 

< llogft^W + ^ToT (°- 29 ) 

and (ICHll follows. The estimate (ICTLOl) now follows from ffCTK]> . dCTHT) . (ITl7)l for 
y < 1 with also (OH . and (ICTTTl) for y > 1. 

step 5 Proof of (vi). Let i > 0, j > 1 with 2 < i + j < 2L + 2. 
case i + j even: we have i + j = 2(k + 1), < k < L. For k < L — 1, we estimate 
from (IClTll and < i = 2k + 2 - j < 2k + 1: 

C /■ 1 _1_ ll~„„,|C ,^ £ / • i ■ , t 2L 



l + llogyl .^ 2 _ /■ l + |logy| G (4fc+2)^r iC/^+i- 1 ) 



1 + y2j W = 7 1 + y , k ltM ^<b\ ' 2 ^\logh\-<bl- — |log6 : 
For k = L, we have from (jC.llj) : 



/• 1 + |logy| c 2 _ y l + |logy| c j 2< h 2L+2 {] , 



case i + j odd: we have i + j = 2k + 1, 1 < k < L. Assume k < L — 1. If j > 2, 
then i < 2/c + 1 - j < 2{k - 1) + 1 and thus from (fCTT|) : 

l + |logy| c 4 2 _ y l + |logy| c j 2 

l a y £ l / 1 , „.4fc+2-2i l a y £ l 



< 



\ -\- y2j I 1/1 y 1 _|_ yik+2-2i I V 

Hjogyg t 2 V /y l + |logy[ c , 

1 + y 4fc+4-2i l a »/ e l I W ]^ _|_ y 4(fc-l)+4-2i l a 2/ 



^ n , ,c,2(2rrTy( 4fc + 2 + 4 ( fc - 1 )+ 2 ) ,(*+i-l)aZ^T h , ,C7 
< |log6i|°6 1 l llogfeiT- 
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For the extremal case j = 1, i = 2k, 1 < k < L— 1, we estimate from (fCHOj) . (|026]) : 



/ 



l + |logj/| c 2fc ^, 2 ^ f f l + |logy| c |fl2fc 
1 + y2 ^ 



< 



\d 2 v k e\ 



|<9fg| 2 ' 
1 + |logy| 2 



< 



|log6i| c 6f 2£ 



- rr (4fc+2+4(fc-l)+2) 



|logfei 



For k = L, then for j > 2, i < 2k + 1 - j < 2(k - 1) + 1 and thus from (fCTTTj) : 



< 



l + |logj/| 
1 + |logy| c 



i _|2 



C 



i a2 



1 + y 



4fc+4-2i I V 



\dle 



1 _|_ yik+2-2i I 2/ I 

1 + | logy | c 



1 _|_ y 4(fc-l)+4-2i 1 y 



'i 



L |log6 



and for j = 1, i = 2L from (ICTTUl) . (IUT31) : 



l + |lQgj/| C 2L 2 

1 + y 2 '°w 1 



< 



l + |logy| c 2L 2 
1 + y 4 1 » 1 



\d 2 y L e? 
1 + | logy I 1 



< |log i , 1 |%' <21+2+(4,l -" +2 »^ , = 6 f«| 1 „g i , 1 
step 6 Proof of (vii). We estimate from Cauchy Schwarz: 

(l + |logy| 2 )| £ | 2 



c 



< 



L°°{y>l) 



\edys\dy 



+ 



\d y e? 
1 + |logy| 2 ' 



Let then i,j>0 with 1 < % + j < 2L + 1, then 2 <i + j + 1 < 2L and we conclude 
from (1CH21) . (IClLSl) : 

2 



9*6 



< 



i°°(i/>i) 



(i + \io gy \ 2 )\d v e\ 



!/>l 



|log6i 



2j+2 



+ 



Ic^el 2 



y 2 i(l + |logy| 2 ) 



( (»+J')t 



L ^ for 2 < i + j + 1 < 2L 
i>i L " r - for ; • ./ • 1 2/. • 1 
for i + j + 1 = 2L + 2 



□ 



Appendix D. Leibniz rule for H k 

Given a smooth function <E>, we prove the following Leibniz rule: 
Lemma D.l (Leibniz rule for H k ). Let k > I, then: 

A 2k -\$£) = E l t 1 *2i,2fe-l£2i + Etl*M-l,2fc-l£2i-l, (D.l) 

„4 2fc ($ e ) = Sf =0 $ 2ii2fc e 2i + Sf =1 $ 2i _ li2fe e 2i _i 
where is computed through the recurrence relation: 

*o,i = $i,i = * (D.2) 

1 + 2.Z 

$0,2 = -<9 TO $ $i j2 = 2d y <S>, $2,2 = $ 
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^$2i,2fc+l l<i<k 



®2k+2,2k+2 — $2fc+l,2fc+l 
$2i,2ifc+2 = $2i-l,2ifc+l + dy®2i,2k+l + 
^0,2fc+2 = dy3>0,2A:+l + ^Y^-®0,2k+l 

$2i-l,2fc+2 = -$2i-2,2fc+l + 0j,$2i-l,2ft+l, 1 < « < A: + 1 



(D.3) 



3 > 2fc+l,2fc+l = $2k,2fc 
^2i-l,2fc+l = 
< ^2i,2fc+l = —dy$2i,2k 
^0,2fc+l = —dy&0,2k 

Proof. We compute: 



$2i-2,2fc + ™$2i-l,2fc " 



y 

2t-l,2jfc 



, 1 < i < fe 



'. y V| '2/-i,2fe, 1 < « < A; 1; 



A(*e) = $£i - (d y $)e 
H($e) = A* As = $e 2 + dy$e x - 

= $e 2 + 2d y ^ei + 



I) 



-dyyQ 



1 + 2Z 
V 



e. 



A 2k+ \$e) = Y, k l=0 A [^ 2k e 2l ] + E|Li ( -A* + ) Sa-i^a-i 

E*=0 { < ^2j,2fc£2j+l — Sy$2i,2fc£2i} 



J i=l 



-$2i-l,2fc £ 2i + 



1 + 2Z 

y 



$2i-l,2fc — £j/*2i-l,2Jfe 



£2i-l 



-5 a $Q,2fe£ + Sf =1 (-5 a $2i,2fe - $2i-l,2fc)£2i 



1 -h 

+ E? =1 <j $ 2i _ 2i2A; + *W-l,2fc - dj/$2i -l,2fc f £2i-l + ^ > 2fc,2fc^2fc+l ; 



this is f|D~4|) . 



J i=Q 



+ 4=1 {^2i-l,2fe+l£2i + 9y$2i-l,2k+l £ 2i-l} 



-A + 



1 + 2Z 

y 



{$2i,2k+l £ 2i -l,2fc+l £ 2i-lj 



-$2t,2fc+l e 2t+l + 



Sj/^2i,2fc+l + 



1 + 2Z 



y 



2i,2fc+l 



t 2 < 



1 + 2Z 

Cj/^O^fc+l H 7 *0,2fc+l 



y 



£ + $2fc+l,2fc+l e 2fc+2 



+ 4=1 



$2i-l,2A:+l + d y $2i,2k+l + 



1 +2Z 



y 



2i,2fc+l 



£ 2i 



+ Sfl] 1 [— ^2i-2,2fc+l + d y $2i-l,2k+l] £ 2 



i-l> 



this is (|IX3l) . 



□ 



Appendix E. Proof of (I3.55P 
A simple induction argument ensures the formula: 

[dttHftw = ^ L k -lH k x [d t ,H x )H L x - {k+1) 
We therefore renormalize and compute explicitely: 



w. 



1 V L-1 rrfc 
^2L+2 ^k=0 n 



Ay 2 



(E.l) 
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We now apply the Leibniz rule Lemma [D . 1 1 with <I> = In view of the expansion 



(|2.6p and the recurrence formula (|D.3p . we have an expansion at the origin to all 
orders for even k > 2: 

<5>2iMv) = ^%a^ P y 2p + 0(y 2N + 2 ), < i < k 
*w+i,2fc(«) = ^ =oCiAp y 2 P +1 + 0(y 2N+3 ), 1 < i < k — 1 

and for odd k > 1: 

*M-i,3fc+i(y) = ^=o%k, P y 2p + 0(y 2N + 2 ), 1 < i < k + 1 
<f 2 ,, 2fc+ i(y) = X£Lo^, P 2/ 2p+1 + 0(y 2JV + 3 ), 1 < i < k - 1 
and a bound for y > 1: 



l*i.fcl £ 



1 + y 4+(2fc-i) ' 

and we therefore estimate from (jD.ip : 



< i < 2k, 



Similarily: 



Vfc > 0, 



< Y 2k r- , 



< T 2k r- , 



1 + y 4+(2fc-i) 



1 + y 4+(2fc-i) ' 



|<9„£i| + 



IS 



< y2fc+l N 
~ ^=0 C4 '%(l + y4+(2fc- 



(E.2) 



' y (l + y4+(2fe-i))- 

We now inject ()E.2p into (jE.ip and obtain using (|3.36p the pointwise bound on the 
commutator: 

\\F> H L l„,\ < l^ll ^L-1^2fc „ l £ 2(L-fc-l)+d 
IL^^AH £ ^2lT2 ^k=oU= Ci,k 1 + y4 +(2fc-i) 



< 



_ l^ll y2L-2 \ £ m\ 

V2L+2 ^m=0 y _|_ y4+m ~ \2L+2 m=0 ^ _|_ y2+2L-m ' 



1^1 1 _ s 2L- 2 l £ 2L-2- 



Hence after a change of variables in the integral and using (IC.ip : 

A 2 (l + y 2 ) ~ A 4L + 4 m=0 7 (l + 2/ 2 )(l + y 4 + 4L - 2m ) ~ A 4L + 4 
and similarily: 



£*2L+2, 



14 w ^b»l 2 < 161,2 r 2 ^ 1 f £ ™ c ( M ) b i c 

\A X [d t ,H x \w\ £ ^-4XT4^ m= o _/ y 2(! +2/ 4+4L-2m) ~ A 4L+4 i2i + 2 ' 



this is (pT55|) . 



Appendix F. Proof of (14.10)) 

We claim the following Lyapounov monotonicity functional for the &2k+2 energy. 

Proposition F.l (Lyapounov monotonicity for £ik+2)- Let < k < L — 1, then 
there holds: 

d f 1 



dt I A 4fc + 2 



(F.l) 



< [logbi, 

~ \4fc+4 



C 



b 2k+3 + b l + & +^ k + l )^i 
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for some universal constants C, 5 > independent of M and of the bootstrap constant 
K in ([3~23]) . (H23). 

Proof of Proposition IF.il step 1 Modified energy identity. We follow verbatim the 
algebra of Propositon 13.481 with L — > k and obtain the modified energy identity: 



2~dt 

K 

A 



£2k+2 + 2 



X 2 r 



W 2 k+lW2k \ = ~ / (i?A^2fc+l) 



+ bl )J ^AV^ 1 + J dt {-J^ ) W2k+m 



- I H x w 2k+1 
h(AZ) x 

h(AZ) x 



dtZ 



w 2k + A x (fa, H k x ]w) + A x H k ( 



+ 



W 2 k 



-H x w 2k+l + ^w 2k + Ax ([d t ,H k }w) + A X H X ( 



+ 



A 2 ? 



W2L+1 



[d t ,H k x ]w + H k x [^ x 



(F.2) 



We now estimate all terms in the RHS of (|F.2D . 



step 3 Lower order quadratic terms. We treat the lower order quadratic terms 
in (|F.2|) using dissipation. The bound 



{[dt,H k x ]w 
X 2 (l+y 2 ) 



J \Ax {[d t , H k x ]w)\ 2 < C(M)^£ 2k+2 (F.3) 

follows from (|3.55p with L —> k. We estimate from (|3.54p . the rough bound (I3.38P 
and Lemma IC.lt 



/ 



HxW2k-\ 



d t Z x 



w 2k + / A x I [dt, H x ]w 



+ / \H x w 2k+ i\ 



6(AZ); 



A 2 7 



■w 2k 



< 



\ I !W + i| 2 + ^Sh [/ +C(M)S 2k+2 



< \ J \H x w 2k+l \ 2 + ^C(M)h£ 2k+2 . 



All other quadratic terms are lower order by a factor b\ using again (|3,38p . (|3,55p . 
()3.36p and Lemma IC.ll 



i±n± w 2 

2A 2 r 2 W 2k+1 



+ 



\ 2 1 



-w 2k 



d t Z x 



w 2k + A x ([dt,H%\w 



+ 



f h(AZ) x L f d f h(AZ); 



W 2k+ lW 2k 



~ _\4fc+4 



fc 2fc+l 



+ 



'2k 



1 + y 4 j l + y« 



+ C{M)S 2k+2 



We similarily estimate the boundary term in time using (jC.lOP : 



(AZ) 



A 



A 2 ? 



l W 2k+ lW 2k 



~ ^4fc+2 



f 4k+i , r 4k < &i |, . ,c,( 4fc + 2 )2B 
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We inject these estimates into f|3.53[) to derive the preliminary bound: 



1 



1 d 



2 dt I A 4fc + 2 



£ 2k+ 2 + o(bfb^ +2) ^ 



<~l {H x w 2k+1 f 



(F.4) 



+ j H x w 2k+1 A x H k (^x) + j H k x (^F x 



h(AZ) x f h(AZ) x 

U>2k+1 + A x [ — W 2k 



A 2 ? 



A 2 ? 



+ 



bl h s f 



with constants independent of M for \b\ < b*(M) small enough. We now estimate 
all terms in the RHS of (fF~4l) . 



step 4 Further use of dissipation. Recall the decomposition (|3.57p . The first 
term in the RHS of ()F.4[) is estimated after an integration by parts: 



H x W2k+iA x H x ( ~y2~F x 



< 



< 



C 



A*e 2k+1 \\ L 2\\H k+1 F Q \\ L 2 + ^ / \H x w 2k+1 \ z + 



^4fc+4 

c 



C 



^4A:+4 



\H k+1 T \\ L 2^£2~^ + ||Aff fe .Fi||£ 2 ] +iy \H x w 2k+1 \ 2 (F.5) 

for some universal constant C > independent of M. The last two terms in (jF.4[) 
can be estimated in brute force from Cauchy Schwarz: 



h(AZ) 



A 



A 2 7 



-w 2k+ i 



< 1 

~ _\4fc+4 



1 + | logy | 



\H k F\ 2 



i + y 4 



t 2k+l 



y 2 (l + | logy | 



< ^ 



i fp ( f l + |logy| 2 fc 



jk t~i2 



(F.6) 



where constants are independent of M thanks to the estimate (|B.2p for e 2 k+i- Sim- 
ilarily: 



Fx) A 



* /fel(AZ); 



A 2 7 



(F.7) 



~ _^4fe+4 



1 + | logy | 
1+y 2 



|Aff fc .T 2 



'2k 



(l + y 4 )(l + |logy| 



< 

~ _^4fe+4 



2k+2 



i + I logy I 

1 + y 2 



\AH k Tq\ 2 + I \AH k T 1 l2 



We now claim the bounds: 



i + I logy I 
i + y 4 
1 + |logy| 2 
1 + y 2 1 



\ffk-p\2 < tfk+2n„„ u . \C 



llog&i 



AH k T \ 2 < & 2fc+2 |log&i| L \ 



\G 



j \H k+1 F Q \ 2 < b 2k +4 |log6 



c 
i| i 



|^ fe J- 1 | 2 <6 2fe+3 |log6 1 | c + 6i 



l+S+{2k+l)-, 



(F.8) 

(F.9) 
(F.10) 
(F.ll) 



for some universal constants 5, C > independent of M and of the bootstrap con- 
stant K in (pT23|) . ([3T24]) . Injecting these bounds together with (fR5|) . (|R6|) . ([R7]) 
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into ()F.4p concludes the proof of f)F. 1|) . We now turn to the proof of (|R8|) . (fFT9]) . 
(iRTOl) . (iFTTl) . 

step 5 terms. We estimate from f|2.88j) : 



1 + | logy | ; 

i + y 4 



\C 



J 1+ 1 l ^ {2 \AH k 9 b \ 2 < J \AH k * b \ 2 = J H k * b H k +^ b < bf + 3 |log& 1 | C , 
/ \H k+1 i> b \ 2 ^bf^logb.f 



and (TR81) . (TR9]l . (IRK)]) is proved for 
step 6 Mod{t) terms. Recall (f3T29l) : 



Mod(t) 



y + 6i ) AO/, 



+ Sf =1 [(6i), + (2i - 1 + cftjfeibi - 6i+i] 



Ti + X Bl X j=i+1 — 



and the notation (|3.39p . We will need only the rough bound for b\ admissible func- 
tions (12351) . 

Proo/ o/ (IRK! /or Mod: We estimate from flQgJ for y<2B l : 
\H k+1 Si\ + l^+^l + \H k+l biKfi\ < b\(l + y ) 2i -M2fc+2) < + y f-2k~3 

< 



6i|log6i| c 



1 + y 2fc +! 



and thus using HAQ = 0: 

\H k+1 AQ b \ 2 < 



6 2 |logV c 



< &?|log&i 



/ 1 _l_ g ,4fc+2 

ly<2B± L + U 

We also have the rough bound for 1 < i < L, i + 1 < j < L2, y < 2i?i : 

m| + |x Bl S^ 2 +1 ||| < llogfexp [y 2 - 1 +^- 1 6r|log& 1 | c ] < llog^lS^ 1 

(F.12) 

and similarly for suitable derivatives, and hence the bound: 

2 



yL 



H 



9Sj 



< 



|lo. 



T i + X B 1 ^ j=i+l db 
Vh\ C I \y^-^\* < \lo gbl \ c B? L - k) - 4 < ^ 

Jy<2B 1 b 2{L ~ k 



C 
fc)^2 " 



We therefore obtain from Lemma 13.31 the control: 
H k+1 Mo7(t)\ 2 < C{K)\\og bl \ c bl L+2 
|log 0l | c 6f +4 



^ -2(r-fe)-2 



< 



C(if)6f +4 |log6 1 



|C 



< 
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for b\ < b*(M) small enough. 
Proof of (1F8|) . (IR91) : We estimate: 



\H k Si\ + \H k ASi \ + |i? fc 6iAf;| < 6i(l + y) 



2i-l-2fc 



< 



|log6i| c 
1 + y 2fc +! 



and thus 



1 + llogyl 5 



H k AQ b \ 2 + / 1±^|^AQ 6 P < |log 6i p/ TT L^ < \lo gbl 



\C 



1 + 2/ 4 

We then estimate from ()F.12p : 

1 + |logj/| 2 

1 + 2/ 4 
1 + |logy| 2 



+ sf =1 



i7 



1 + 2 d£j 



rp , V L + 2 

r i + XBl £ j=i+1 — 



< 



llogfell / |^-l-2 fc -2 |2 < JMh 

Jy<2Bx b-y 



C 
fc)^2 



and hence the bound using Lemma 133 
1 + |logy| 2 



i + y 4 

< \\ogb l \ c C{K)bf +2 



H k Mod\ 2 + 
1 + 



1 + llogyp 



i + y 2 



\AH k Mod\' 



1 



2(L-k)-2 



< b 2k+2 



step 7 Nonlinear term N(e). Control near the origin y < 1: The control near 
the origin follows directly from (I3.72p . 

Control for y > 1: We detail the proof of the most delicate bound ()F.11|) . the proof 
of ()F.8p . (|F,9P follows similar lines and is left to the reader. 

Recall the notations (|3.73p and the bounds (|3,74p . (|3.75p . f)3.76j) on (. We then have 
the bounds (l3~771) . (fBTTHD . (jg77gj) on Ni(e) which yield: 



< y2fc+l l^yC 2 | ^2fc+l 
~ ^=0 „2fc+l-B P=l 



1 



< s 



2A- 



^l^lllogfti 



1 



p-i+l ^ "1 



6, 2 



i a2i 



iCvSfc+ivP- 1 ^" 



< 



|log&; 



\C 



m 2 



^2fc+l 

J P=0 y2k+L-p 



IT 



■ i I v 2fc+l v p-l. 



i t2\ 



2k+l-p 



II 



and hence: 



!/>l 



|^ fc iV( e )| 2 < llog&ipE^EfU / 



i^ci^rci 2 



3/>l ^ 



4L+2-2p 



2/>l 2/ 



4L+2-2p 



We now claim the bounds 



ip2fc+lvP 
^=0 ^=0 



<bh , h - 

1 u 4fc+2-2p ^ Wl 
y>l y 



(F.13) 
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|2|fli-J>|2 



Ak+2-2p 



j,(2fc+l); 



(F.14) 



for some <5 > 0, and this concludes the proof of ()F.11[) for N(e). 

Proof of d3T8QD: Let < k < L - 1, < p < 2k + 1, < i < p. Let h = p - i, 

I2 = i, then we can pick J 2 £ N* such that 



and define 



max{l; 2 - i} < J 2 < min{2A; + 3 - p; 2k + 2 - 1} 
Ji = 2k + 3-p- J 2 . 



Then from direct inspection, 



(h, Ji,h, J2) G N 3 xN*, 
Hence from (ETTID . ([3775]): 



1 < Ji + Ji < 2k + 1 < 2L - 1, 2 < I 2 + J 2 < 2/c + 2 < 2L, 
/1 + J 2 + Ji + J 2 = 2A: + 3. 



I^ci 2 |drci ; 



y>l y 



Ak+2-2p 



< 



< 



,Jl-l 



^oo(!/>l) 



2J2-2 



|log6x| c ^6l' 



(7i+Ji+/ 2 +J2-1)t 



|log&i| c ^ 



(2fc +2)^ 



< rf* 1 ^ 



Proof of (pIHTD : Let < A; < L- 1, 1 < p < 2/c + l, < j < i < p-1. For p = 2k + l 
and < i = j < 2k, we use the energy bound (|3.76|) to estimate: 

\diC\ 2 \d^C\ 2 _ ^-ncii^^^ / |o; C | 2 



67- 



y>l 2/ 



4fe+2-2p 



5 |^ T ((2A;+l-i)+l+i) 



2/>l 



(2fc+l) 7 



This exceptional case being treated, we let I\ = j, / 2 = i — j and pick J 2 G N* with 
max{l; 2- (i-j); 2- (p-j)} < J 2 < min{2&+3-p; 2&+2- (p-i); 2k+2- (i-j)}. 
Let 

Ji = 2A: + 3-p- J 2 , 

then from direct check: 

{h, J 1} I 2 , J 2 ) GN 3 xN' 
and thus: 

\4cm~ j c\ 2 



1 < /1 + J\ < 2k + 1, 2 < 7 2 + J 2 < 2k + 2, 
/1 + h + Ji + J2 = 2k + 3 - (p - t). 
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y >x y 4k+2 - 2p 



< b°; p - i 



,Ji-i 



l^ 2 CI 2 



y>i y 



y_ 

2J2-2 



< 



llog&iPX 



L°°{y>l) 



(2fc+2) 7 



step 8 Small linear term L(e). We recall the decomposition (|3.84p . 
Control for y < 1: The control near the origin directly follows from (|3.88p . 
Control for y > 1: We give the detailed proof of (jF.lip and leave ()F.8|) to the reader. 
We recall the bound (f3~90|) 



\d k y L(e)\ <Ef =0 



&i|log&i| c |<fe 
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which implies: 

\C\ai 



Sf.e| 



~ P=0 y2k+l-p ~ P=0 y2k+l-p i=0 yP-i+1 



y- 

We therefore conclude from (jC.llj) : 

Jy>l Jy>l y 

1 

< 6 1 



l l+5+(2fc+l) 3 |^ I 



and ()3.64p is proved. 

This concludes the proof of (lR8|) . (lF~9l) . (IFlOl) . ([FTl) and thus of Proposition ETB1 

□ 
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